REVIEW, MIDTERM #1 (Key): MATH 1B

Warning: I have not seen a copy of the midterm examination. Concepts
and problems reviewed here should not be taken as an exclusive list! It
should give you a good sense, though, of what will be asked.

> 1
—dx
[
converges:

(a) For all values of a > 0;
(b) For all values of a > 0;
(¢c) Fora=1 only;

(d) For no value of a.

SOLUTION. The integral

Problem 1. The integral

oo
1
/ — dx
1 P

converges for p > 1 and diverges for p < 1. Since v/3 > 1, the integral
converges for any a > 0. However, the integral

1
1
—dz
o xP

converges for p < 1 and diverges for p > 1, so the integral does not converge

for a = 0—in fact,
*1
/ —dz
o P

converges for no value of p. The answer is (a).

Problem 2. FEwaluate the integral

422 + 4z + 1
/:U+x+d

422 — 4z + 1 i

SOLUTION. The degree of the numerator is not less than that of the
denominator, so we use long division:
4% + 42 +1 - S8z
17 —dot+1 4P —dor1
Therefore

4z —|—4;U—|—1 8x
d do = T g
/4x2 w1 / x+/42 Az +1% x+/4a:2—4x+1 v

To evaluate the second term, we use partial fractions. First we factor the
denominator:
4a® — 4z 4+ 1= (2z — 1)

1



2

Therefore we have the partial fractions decomposition
8z A B
25 —12 22—1 1 @e_12
Multiplying through, we obtain
8r=A2zx—-1)+ B =2Ax+ (B - A);
we see that A =4 and B = A = 4; therefore

8z 4 4 2
% dr= | ——det [~ dr =2In(22—1)— C;
/(295—1)2 v /2:1:—1 m+/(2x—1)2 T =2MmQ@r—1) =g 0

together this implies that our integral is

2

C.
21:—1+

x+2In(2x —1) —
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Problem 3. The area of the surface obtained by rotating the curve y = f(x)
from a < x < b about the x-axis is given by:
b

(a) / wf(9)? dy:

f)
2 .
(b) /f T

. /b%y,/w(df)?
@ [ 2 fve (£)

SOLUTION. Drawing a picture, we see that the radius of the circles we
wish to sum up is y, hence

b dy 2
A= /27ryds —/ 2y 1+ () dx
o dx

Problem 4. Fvaluate the integral

/\/Elnxdx.

which is (b).

SOLUTION. We use integration by parts, with v = Inz, so du = 1/x,
and dv = \/z dzx, so v = 2/32%/2, and

2
/\/Elna:d:c:/udv:uv—/vdu—3x3/2lnx—/3x1/2dx

2 4
= gxﬁlnx — §m\/5+ C.
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Problem 5. Which of the following does not have an elementary antideriv-
ative?

SOLUTION. We can integrate (a) using integration by parts; we in fact
obtain

1 1

2 3 3
1 dr = 1 —

/{IJ nxaxr 3.%' nxr 9.% s

but this is not important. For (b), the antiderivative of sinh x is cosh z. For
(c), we may make the substitution u = 2 to find

1
/gve"“”2 dr = ieIQ.

Therefore the answer is (d).

Problem 6. Fuvaluate the integral

/ csct z dz.
2

SOLUTION. We first substitute 1 + cot? x = csc? z, so
/CSC4 rdxr = /(CSC2 2)(1 + cot? z) dx = /CSC2 rdxr + /csc2 z cot? x dz.
Since (d/dz)(cot x) = — csc? z, the first term is

/CSCQxdx: —cotx + C.

For the second, make the substitution v = cot z, so then du = — csc? z dz,
hence

3 1
/CSCQ:Ecothd:L’:—/quu:—%+C:—3cot3x+C.

Putting these together,

1
/csc4acdx: —cot:v—gcotgx—FC.



5

Problem 7. If the function f(x) is continuous on —1 < x < 1 except at the

point x = a for some —1 < a < 1, then the improper integral

1
/ f(z)dx
-1
1s written:

(a) lim;_,q+ ffl f(x)dx + lim;_, - ftl f(z)dz;
(b) limg—q [*] f(z) da;

(c) (df /dw)(a) —limy—q [*, f(x)da;

(d) limg—oo [, f(z)dz.

SOLUTION. The answer is (a); the rest are nonsense.

Problem 8. FEvaluate the integral

/ Va2 — 1da.

SOLUTION. This is a problem involving trigonometric substitution: we

substitute x = sec 6, so that dz = secftanf df, and

Va2 —1=1/sec20+1 = tan6

hence

/\/x2 —1ldx = /tan&(secGtanH) db

= / sec O tan® 6 d6.

Now integrate by parts, with u = tan 6, du = sec? 0 df, dv = sectan 6 db,

v = secf, so

/sec@tanQGdH:/udv:uv—/vdu

=secfHtanf — /86039d9
=secftanf — / sec O(sec® 0) df

= secftanf — /sec (tan® 6 + 1) do

:SeCQtaHG—/sec&tanQGdQ—/seCGdG.

Since [secfdf = In|sech + tand| + C, bringing the integral to the other

side, we obtain

1 1
secf tan® 0 df = isecﬁtaHG — iln\sece—i—tanm.
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Replacing this with the values of x, we get

/\/xz—ldx:;a:\/xz—l—;ln‘x—f— \/932—1‘—1—6'.



Problem 9. The sequence

is:

) Bounded, monotonic, and convergent;

) Unbounded, monotonic, and not convergent;
) Bounded, not monotonic, and convergent;

(d) Bounded, not monotonic, and not convergent.

(a
(b
(c

SOLUTION. The sequence is bounded above by 2 (n?+1 > n?) and below
by 0, say, so it is bounded. It is monotonic increasing, and convergent (it
has limit 1, since

= Jim 5 =
Problem 10. Find the area of the surface obtained by rotating the curve
Y= 22 +1
about the y-axis for 0 < x < 1.

SOLUTION. Looking at the graph, we note that the radius of our circles
is obtained with radius z, hence we have

1 2 1
d
A:/Qﬂxds:/ 27rx\/1+<di> dac:27r/ V1 + 422 dx
0 0

since dy/dx = 2.
We now make a trigonometric substitution, x = 1/2tan 6, so that dz =
1/2sec? 6 df, and

V14422 = /1 + tan20 = secf
so that

1 1 1
/a:\/1+4:c2d:c:/2tan05600256c29d9:4/sec39tan0d9.

Now let u = secf; then du = secftan @ df, so
1/ 2 g(sect 9)d0—1/ 2qu = 1 0
1 | sec” f(secdtan =7 [ wdu= 13
sec? 0 (1 + 422)3/2
=g 9= 12
S VG R |
= .
0 6

+C.

So
(1+ 43:2)3/2

A=2
LT
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Problem 11. The partial fractions decomposition of
1

(x —3)%(2? +3)

18:
A +Bm%—C’ Dz +E
x—3 (x—3)2 2243’
A B

(a)

(b) @—32 243
A B Cx+D

(c) x—3+(az—3)2+ 22 +37

() Ax+B+Cx+D_
(x—3)2  22+3°
A B C

(€) $—3+(x—3)2+x2—|—3'

SOLUTION. The answer is (c). Note we only put a linear factor in the
numerator when we have an irreducible quadratic factor in the denominator.

Problem 12. Ewvaluate the integral

m
/ sin® x cos® z dz.
0

SOLUTION. We let u = cosx, so du = — sin z dz, hence

s ™
/ cos? zsin® zsinz dr = — / u?(1 — u?)? du
0 0

:—/ (u?® — 2u* + u®) du
0

1 3 2 5 1 7
= —7 —u’ — = C

3u +5u 7u +

1 2 1
:—gcos?’m—kgcos‘r’x—?cos?x—i—c.



Problem 13. For the integral

2
/ e® dux,
0

K(b—a)®
180n*
with |f®(z)| < K for a < x < b, the error in approzimating the integral
using Simpson’s rule for n = 2 is:
(a) [Es| <1/90;
(b) |Es| < e/90;
(c) |Es| < €2/90;
(d) |Es| < €2/2880.

given the formula

|Eg| <

SOLUTION. We have f(4)(x ) e”, which obtains its maximum on 0 <
r<2atz =2 s0]|f?(x) <e? Therefore

e*(2°)
[Bs| < 180(24)

which is (c).

Problem 14. Determine if the integral

2
1
/ dx
1 zvVInz

is convergent, and evaluate it if so.

SOLUTION. Make the substitution v = Inx; then du = 1/z dz, so
1 1
/dxz/duzQ\/ﬂ—l—C:Qvlnxﬂ-C.
zVInx Vu
The function 1/(zvInz) has a discontinuity at x =1, so we have

2 2
1
———dz = lim d:n = lim 2VIn 2v1n 2.
/1 rvVinx t—1— J xvIn t—1—

The integral is convergent.
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Problem 15. The sum of the series

1 1 1
| — 5 + Z — g 4+ ...
() 12
(b) 1
(©) 2/3:
() 3/2:
)

>(5)

which is a geometric series: in general,

> a
Zarn_lz T Ir| <1
n=1 "

so for us,a =1and r = —1/2, so the sum is 1/(141/2) = 2/3. The answer
is (c).

Problem 16. Ewvaluate

2
€ In(l
/n<nw>dx.
e X

SOLUTION. Substitute ¢ = Inz, then dt = 1/x dx, so

/ln(lnx) do = /lntdt.
X

Now do integration by parts, with u = Int, du = 1/tdt, dv = dt, v =t, so

/lntdt:/udv:uv—/vdu:tlnt—/t(l/t)dt:tlnt—t—l—C.

Hence

2
¢ In(1
/ Mdm:((lna;)(ln(lnx))—lnx)f:2ln2—2+1:2ln2—1~

T
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Problem 17. For the integral
b
/ (222 + 32 — 4) dx,

which of the following gives the best approrimation for fixed n?
(a) Left endpoint approxzimation;
(b) Right endpoint approximation;
(¢) Midpoint approximation;
(d) The Trapezoidal rule;
(e) Simpson’s rule.

SOLUTION. Simpson’s rule is eract on quadratics (recall, we are fitting

a quadratic each time around!). The answer is (e).

Problem 18. Set up an integral to compute the length of the curve y = e
for 1 <y <e. Suggest a substitution, but do not evaluate completely.

SOLUTION. We have

L:/ds=/161/1+<;k;>2dy.

Writing « = Iny, we see that dz/dy = 1/y, so

e e 2 1
L:/ \/1+(1/y)2dy:/ Vyy+dy.
1 1
We substitute y = tan 6, so \/y2 + 1 = secf, and dy = sec? §, so
)
/g/de:/se(:HseCQHda
Y tan 6

sec
= 1+ tan26) do
/tane( + tan0)

:/cscﬁdﬁ—i—/secﬁtan&d@.

From here, we could finish the evaluation.
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Problem 19. If f is continuous, then

/_ Z f(@)dz = lim /_ tt (o) da.

t—o00
(a) True;
(b) False;

(¢) Cannot be determined from the information given.

SOLUTION. The answer is (b). Recall that [*_ % dz, for example, is
undefined (divergent), but

t

lim 22 = lim 0 = 0.
t—o0 ¢ t—o0

Problem 20. Determine if the integral
/1 Vityr,
~———dx
0 v
is convergent, and evaluate it if so.

SOLUTION. Use the comparison test; since

L _/1+e
Ve Tz
(we just make the numerator a little larger), and
1
—dx
1 VT

diverges (by the p-test, with p = 1/2 < 1), the original integral diverges as
well.



