MATH 251: ABSTRACT ALGEBRA 1
HOMEWORK #4

PROBLEMS (FOR ALL)
Problem 1 (DF 1.4.10). Let

Gz{(% ZC)) :a,b,cER,ac#O}.

Show that G is a group under matrix multiplication.

Problem 2. In this exercise, we show that each of the following groups are mutually non-
isomorphic:
7/87, (Z/16Z)*, Ds, Qs.

(a) Show that each of these groups has order 8.

(b) Show that if G, H are groups and G = H, then G is abelian if and only if H is
abelian. Conclude that neither of the first two groups is isomorphic to either of the
last two groups.

(c) Show that Z/87Z has an element of order 8 but (Z/16Z)* has no element of order 8.
Conclude that Z/8Z % (Z/16Z)*.

(d) Show that every element in Qg \ {1, —1} has order 4. Conclude that Dg % Qs.

Problem 3. Let m,n € Z with n > 1. Consider the map:
¢:Z/nl — Z/nZ
a — ma.
(a) Show that ¢ is a homomorphism.

(b) Show that if ged(m,n) = 1, then m is an isomorphism.

Problem 4. Let G be a group. Show that the map ¢ : G — G defined by ¢(a) = a? is a
homomorphism if and only if G is abelian.

EXTRA PROBLEMS (FOR GRAD STUDENTS)

Problem 5 (DF 1.4.7). Let p be prime. Show that #GLy(F,) = p(p — 1)(p? — 1). [Hint:
Subtract the number of 2 x 2-matrices which are not invertible from the total number of
2 x 2 matrices over IF,,. You may use the fact that a 2 x 2-matrix is not invertible if and only
if one row (or column) is a multiple of the other.]

Date: 19 September 2007; due Wednesday, 26 September 2007.
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