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Problem 1 (5 points). Mark each as true or false. Briefly justify your answer.
(a) Every bounded, infinite set A has a limit point.

(b) If f:U — R is continuous and U is open then f(U) is open.

(c) Let A C R and let S be the set of isolated points of A. Then S is closed.

(d) If f: [a,b] — R is continuous and f(a) < L < f(b), then there exists ¢ € (a,b) such
that f(c) = L.

(e) If a set A C R has a maximum and a minimum, then A is compact.



Problem 2 (10 points). Let
f : RZO — R
flz) =V,
where R>g = {zx € R: 2z > 0}.
(a) Prove that f is continuous, using the definition.



(b) Prove that f is uniformly continuous on [0, 1].

(c) Is the derivative f’ of f uniformly continuous on its domain? Justify your answer
rigorously.



Problem 3 (5 points). Let f : A — R be a function and let ¢ be a limit point of A.
Suppose that
lim f(z) = L > 0.

Tr—C

Prove that there exists a neighborhood U C R of ¢ such that f(z) > 0 for all z € U N A.



Problem 4 (5 points). For a > 0, define f, : R — R by

x%sin(log(z)), if x > 0;
fiay [ sintog(@). 3
0, if x <0.

(a) Compute f'(x) for x # 0. (You may use the familiar rules for differentiation.)

(b) Find a value a € N such that f has a continuous derivative at ¢ = 0, and prove
rigorously that your answer is correct.



