HYPERGEOMETRIC MOTIVES FROM EULER INTEGRAL
REPRESENTATIONS
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ABSTRACT. We revisit certain one-parameter families of affine covers arising naturally from
Euler’s integral representation of hypergeometric functions. We introduce a partial compact-
ification of this family. We show that the zeta function of the fibers in the family can be
written as an explicit product of L-series attached to nondegenerate hypergeometric motives
and zeta functions of tori, twisted by Hecke Grossencharacters. This permits a combinatorial
algorithm for computing the Hodge numbers of the family.
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1. INTRODUCTION

1.1. Motivation. The world of hypergeometric functions invites a rich interplay between
complex analysis, algebraic geometry, number theory, and physics guided by the hypergeo-
metric differential equation. The simplest version of this is found in the Legendre family of
elliptic curves, defined by

y* =x(x —1)(z —t).

The period associated to this family can be computed to be hypergeometric, following Fu-
ler [Eul48]. Two centuries later, Igusa found an arithmetic analogue to Euler’s integral
formula: the point counts on the Legendre family of elliptic curves can be related to a
(truncated) hypergeometric equation [Igu58]. Starting in the 1980s, Katz gave a vast gen-
eralization [Kat96] in his theory of motives attached to rigid local systems. Since then, the
literature has proposed many families of varieties that exemplify hypergeometric motives
in varying generality: see Roberts—Rodriguez-Villegas [RRV22, §3| for an overview and the
recent monograph by Fuselier-Long-Ramakrishna-Swisher-Tu [FLRST22] for a history and
further references.
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We focus on a symmetrized version of a generalization of the Legendre family above. Let
n,m > 1and ay,...,a,,b1,...,b, € Z. Inspired by Euler’s formula, we start with the family
of affine cyclic covers over Z[1/m)]

Y = Y;z,b,m: y" = fa,b(x) = H(—wi)ai(l - :L‘Z-)bi_ai
(1.1.1) i=1
1 =txi29-- -2,
0,1#£x1,29,...,7,

in the parameter ¢ for P! \ {0,1,00}. We note that our generalization has introduced a new
sign. This choice of sign yields substantial streamlining; its absence already shows up as an
obtrusive quadratic character when counting points on the Legendre family.

The fibers Y; of this family are smooth of dimension n — 1. When a;, — b; € mZ for
all 1,7 = 1,...,n, Euler’s integral formula directly implies at least one period of Y is a
hypergeometric function in the parameter ¢, namely F(ay/m, ..., a,/m;bi/m, ... b,/m;t)
(Lemma 3.1.5), a feature not as apparent in other hypergeometric families. Other periods,
however, may be less transparent.

We turn to the arithmetic story for Y and computing #Y;(F,). To do so, we first look
at defining an analogue of hypergeometric functions over finite fields. The literature con-
tains multiple definitions and normalizations [Gre87, McC12, Kat90, BCM15, FLRST22],
each having their own strengths and contexts. In particular, Fuselier-Long—Ramakrishna—
Swisher—Tu define a new finite field analogue of the hypergeometric function in a recursive
way to count the number of [ -rational points in the affine variety defined by the first two
equations in (1.1.1) directly [FLRST22, Proposition 4.2]. The other definitions of hyperge-
ometric functions differ, but under a nondegeneracy condition (namely, ged(m,b; — a;) = 1
for all 7), the hypergeometric function in [FLRST22] coincides with that of, say [McC12].

However, the interpretation of this formula can run into problems when there are degen-
eracies. This happens more than one expects, as degenerate hypergeometric parameters arise
when a; — b; € dZ for some d | m. In these cases, the formula in [FLRST22] uses their recur-
sive formulae with degenerate parameters. In this paper, we introduce a new model X that
is a partial compactification of Y (see §3.2) whose motive avoids degenerate hypergeometric
motives. Indeed, its L-series is an explicit product of L-series attached to nondegenerate
hypergeometric motives and zeta functions of tori twisted by a Hecke Grossencharacter. In
turn, the mixed Hodge numbers for X can be computed directly from this motivic perspec-

tive [CG11, Fed18, RV19].

1.2. Results. Let t € P'(Q)~{0,1, 00} and write S for the set of primes dividing m together
with the primes dividing the numerator or denominator of ¢ or t — 1. Write Y; := Yg, for
the fiber over ¢ in the family (1.1.1) over Spec Z[S™!] (inverting the primes in S). For p & S,
write Y;p, for the base change to I, and take

(1.2.1) Z(Yir,, T) = exp (i #K(Mr)?) € (L+TZ[[T])) nQ(T).
Let .
(1.2.2) (s(Yiys) =[] 2V, p*) "

pgS
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be the zeta function attached to Y;; then (g(Y;, s) is convergent in a right half-plane for s € C
(e.g. Serre [Serl2, §1.5]).

Roughly speaking, our main result will show that there is a partial compactification X; D
Y, whose zeta function, similarly defined, is an explicit product of L-series attached to
nondegenerate hypergeometric parameters and twists of zeta functions of tori by Hecke
Grossencharacters.

We proceed by making this precise by introducing our notation. Let @ = (aq,...,q,) €
(Q/Z)" and B = (5;); € (Q/Z)" be hypergeometric parameters. We say that a; or f3; is a
degenerate parameter if 5; — «; € 7Z. The hypergeometric parameters a, 8 are degenerate
if there exists a degenerate parameter, and nondegenerate otherwise. Finally, we say the
parameters are isotypically degenerate for ~y if the set of degenerate parameters in Q/Z is
{7}, and we let e(a, B) be its multiplicity in e. (See Example 4.4.8.)

Suppose that e, f are nondegenerate. Let m € Z>; be minimal such that ma, mg C Z.
In section 4.4, we recall the definition of the period-normalized hypergeometric L-series

(123) LS(H<a7ﬁat)7@(Cm)7S)v

defined by an Euler product and convergent in a right-half plane. We note that this L-series
depends on the ordering of the parameters, but compensates by being invariant under shifts
(Remark 4.4.5). Based on deep results of Katz, we explain that the period-normalized hyper-
geometric L-series for nondegenerate parameters has degree ng(m) over Q (Theorem 4.6.6).

The variety Yap,, is a branched cover of the affine variety U defined by 1 = tz;---x,
and 0,1 # xq,...,x,. We partially compactify to V' O U defined by 1 = tz;---z, and
0 # x1,...,x, to provide a smooth branched cover of a toric hypersurface, as follows.

Theorem 1.2.4. There exists a partial ji,,-equivariant compactification Xqpm 2 Yapm over

V D U such that for all t € PY(Q) \ {0, 1, 00}, -

Ls(H(a/d,b/d,t),Q(C4), s), ifa/d,b/d is nondegenerate;
_ o1 (—1yn—e if a/d,b/d is isotypically degen-
CS(Xa,b,m,ta 3) H CS((Gm> 3 Q(Cd)a S, wa,b,d,t) ) €T(1t€, where e = e(a/d, b/d) ;
dim 1, else;
where Ygp s 15 an explicit Hecke Grossencharacter.

Theorem 1.2.4 describes the full (mixed) motive of the family of varieties whose periods
arise from Euler’s integral formula. The Hecke Grossencharacters arising in Theorem 1.2.4
are described in (5.4.2); we briefly recall in section 4.3 how Hecke Grossencharacters may be
obtained from Jacobi sums (after Weil and Anderson).

If one tries to extend the hypersurface defined by y™ = fqp(x) across V' without modifica-
tion, then the variety is badly singular. We require a more elaborate partial compactification
to obtain Theorem 1.2.4, see (3.2.4). In a nutshell, we organize the factors of f(x) accord-
ing to the greatest common divisor of their multiplicity with m, and show that these glue
together appropriately (Proposition 3.2.5).

As the Hodge numbers of nondegenerate hypergeometric motives and Hecke Grossenchar-
acters are known, as a corollary we conclude that the Hodge numbers of the family X; are
effectively computable, in particular the degrees of the L-series appearing in ( (X}, s). Indeed,
for the nondegenerate case, one can find the Hodge numbers associated to the hypergeomet-

ric motive associated to a BCM hypergeometric function, following the zigzag procedure
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[RRV22]. In the isotypically degenerate case, we obtain a torus factor twisted by a Hecke
Grossencharacter, which can then be computed [Wat11].

Our method of proof uses character sums. In the nondegenerate case, we give a new
non-inductive proof (Proposition 4.5.1). But the heart of our work is to show a certain
Mobius-like cancellation: terms that show up above fibers where z; = 1 in the degenerate
case either line up when isotypically degenerate and cancel otherwise (Theorem 5.3.1).

1.3. Precise comparison to previous results. There is a rich literature of where hyper-
geometric functions over finite fields have been shown to relate to rational point counts (see,
e.g., the first paragraph of [0SS23] for a long list). We now focus on the history of the family
given in (1.1.1), where many authors have studied it in varying degrees of generality. As
stated above, the intuition that the point counts on the Legendre family of elliptic curves can
be related to a (truncated) hypergeometric equation corresponding to the family’s period
can be traced back to work of Igusa [Igub8]. Its relation to finite field hypergeometric func-
tions has been articulated in numerous ways (see [Koi95, §4], [Ono98, Theorem 1], [Rou06,
Theorem 2]), then proven for a new example [Gool8] by considering a quadruple cover.
More recently, Deines, Fusilier, Long, Swisher, and Tu analyzed the family

(1.3.1) Yy = (1)1 —2y) - (1= 2 y) (21 — AT - Ty )

as a higher-dimensional version of the Legendre curves, and show in [DFLST16, Theorem
2] that its rational point count is the sum of a polynomial and finite-field hypergeometric
functions as defined by Greene [Gre87|. Fusilier, Long, Ramakrishna, Swisher, and Tu then
generalized this result [FLRST22] to the case

(1.3.2) Y™ =2l (1 —x) (1= 2 ) (1 = tryag g

(Compare also with Katz [Kat96, Theorem 8.4.1].)

Over F,, when ¢ is a prime power so that ¢ =1 (mod m), they prove [FLRST22, Proposi-
tion 4.2] that the [ -rational point counts correspond to a polynomial in ¢ and a sum of finite
field hypergeometric functions. However, to do so, they created a new recursive definition
for finite field hypergeometric functions (see (4.4) of loc. cit.) to allow them to use character
theory to directly imply the result.

Their finite field hypergeometric function definition uses a period normalization, and there-
fore differs from those given in the literature by previous authors Greene [Gre87], McCarthy
[McC12], Katz [Kat90], and Beukers—Cohen—Mellit [BCM15]. The authors [FLRST22, §4.4]
provide a relation between their hypergeometric function and that given in Greene’s paper.
Also, they related theirs to that given by McCarthy, but only in the so-called primitive case
[FLRST22, Definition 4.3] when a; — b; € mZ for all i,5 = 1,...,n. (Note that primitive
implies nondegenerate, but not conversely.)

Given these differences, we found it less than straightforward to combine results from these
papers. We navigate around this obstacle by restricting ourselves to only allowing formulas
involving the nondegenerate hypergeometric functions, where there is more agreement and
the theorem of Katz allows us to recognize the associated L-series as motivic. Indeed, one
may interpret our main result as saying that the L-series of a degenerate hypergeometric
motive arises from a Hecke Grossencharacter. We found that the period normalization
(following Fusilier—Long—Ramakrishna-Swisher—Tu) gives the simplest formulation in our

main result (Theorem 1.2.4); but the choice of signs is essential.
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Stepping back a bit further, there are other important families which realise hypergeomet-
ric motives. When the parameters are defined over Q—meaning that for all k € (Z/mZ)* we
have ka = o and kB = [ as multisets—there is a particularly nice setup: see the toric descrip-
tion of source varieties described by Roberts—Rodriguez-Villegas [RRV22, §3] and related ex-
plicitly to the models defined by Beukers—Cohen—Mellit [BCM15]. However, these models are
not available when the parameters are not defined over , and so this hypothesis is substan-
tial (the Klein-Mukai pencil of K3 surfaces in P? defined by x4+ 332+ 23w +w3y—4tzyzw = 0
[DKSSVW20] already sees hypergeometric motives not defined over Q).

Lastly, we remark the family (1.3.2) is affine, and therefore a singular compactification of
the starting family Y, 4., (our equation has been symmetrized). It is unclear how to proceed
to understand the geometry of these families (for example, to understand the Hodge numbers)
without a partial desingularization and compatification. In sum, then, our contribution is
to define a nicer geometric realization of hypergeometric motives that is available for all
parameters and permits the computation of the zeta function over Q as a product of L-series
of nondegenerate hypergeometric motives and Hecke Grossencharacters.

1.4. Acknowledgements. The authors would like to thank Asem Abdelraouf, Giulia Gu-
giatti, Nalini Joshi, Daniel Kaplan, Albrecht Klemm, David Roberts, Fernando Rodriguez
Villegas, and Wadim Zudilin for discussions relating to this work. Certain calculations
used in this paper were done in Magma [BCP97]. Kelly acknowledges support from EP-
SRC Grant EP/S03062X/1, the UK Research and Innovation Future Leaders Fellowship
MR/T01783X/1, and the hospitality of Dartmouth College. Voight was supported by a
Simons Collaboration grant (550029) and would like to thank the hospitality of the Abdus
Salam International Centre for Theoretical Physics (ICTP), where some of this research was
undertaken as part of the Workshop on Number Theory and Physics in June 2024.

2. HYPERGEOMETRIC FUNCTIONS AND INTEGRAL REPRESENTATIONS

For motivation, we begin with the classical, complex theory of (generalized) hypergeomet-
ric functions. We present this standard material in a symmetric way.

2.1. Differential equation. Let (x); be the rising factorial defined for z € C and k € Z>
by (z) :=1 and
r k
() =x(x+1)---(z+k—1) :%
for k > 0, where " is the usual complex I'-function.

Definition 2.1.1. Let n € Zsq, let @ = (a1, ...,0,) € Q" and B = (f1,...,0,) € (Q=0)™;
we call a the numerator parameters and B the denominator parameters. The (generalized)
hypergeometric function is the formal series

o0

(2.1.2) Fla,B,t):=> %tk € Q[t]].

d
Consider the differential operator 6 := tE' We define the hypergeometric differential

operator for parameters a, 8 to be
(2.1.3) D(a,B,t) =0+ —1)---(0+ 5, —1)—t(0+ ay) - (0 + ay).
5



When f; = 1 for some j, the hypergeometric function F(a, B,t) is annihilated by D(a, B,1).
In general, we have the following.

Lemma 2.1.4. For every j =1,...,n, the operator D(a, B,t) annihilates the function
Fi(a,B,t) == t"PiF(a+ (1 - 3,8+ (1 - 5j),t),

where a 4+ (1 — B;) = (a1 +1—Bj,..., 05, + 1 = B;) and similarly for B+ (1 — ;).

Proof. Direct computation. U

Remark 2.1.5. When #8 = n (i.e., the denominator parameters are all distinct), Lemma 2.1.4

gives a basis of solutions to the differential equation D(a, B,t)F = 0 [Sla66, §2.1.2] (see also
[Lev61la]). Otherwise, one may need solutions involving the logarithm [Lev61b].

2.2. Integral representation. Euler [Eul48] provided an integral representation for the
hypergeometric function with parameters @ = {a, b} and 8 = {¢, 1}, namely

(2.2.1) F(a,b;c,15t) = %/{) 2711 — )N — tr) T de

whenever ¢ > b > 0 and for all ¢ € C with |¢| < 1. This formula can be proven by expanding
(1 — tz)~* using the binomial theorem and integrating term-by-term to reduce to Euler’s
integral formula for the g-function. This integral formula then inductively generalizes as
follows. In light of Lemma 2.1.4, ordering the parameters we may suppose without loss of
generality that g, = 1.

Lemma 2.2.2. Suppose that o; — 3; € Z for all i,5 and that 3, = 1. Then we have the
equality

- n—1

F
F(a,B,t) H / / (1 —txy - mpq) H xf"'_l(l — x;)Pi T da

_ =1

= ma”%ﬁ/ /anmal (1 — )% > Vdgy - day,

try1xn=1

in a domain of convergence (for example, |arg(l —t)| < m and Re(B;) > Re(a;) > 0 for all
i=1,...,n—1), where

(2.2.3) e = 11 F(ai)F((gi)— ;)

(and in the second integral, we mean the restriction of the differential).

Proof. The domain of convergence and first line of the equality can be found in Nesterenko
[Nes03, Lemma 2] applying Slater [S1a66, (4.1.3)]; the second equality comes from the relation
['(z)I'(1 — z) = 7w/ sin(mz) and substitution. O

Remark 2.2.4. Although the hypergeometric function is visibly independent of permutation
of the parameters, the integral representation is not: at least in its symmetrized form, it
depends on a matching between numerator and denominator pairings.

In the below, we work with a version with a different choice of signs; this changes the
constant 7,8 by a root of unity, something which is already a bit complicated to analyze

precisely in the branched cover.
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3. BIRATIONAL MODELS FOR THE INTEGRAL REPRESENTATION

In this section, using the integral representation Lemma 2.2.2 we define a family of smooth
affine varieties with hypergeometric periods; we then give a partial compactification.

3.1. Starter model. We start by elaborating upon the family (1.1.1), starting with a more
complete definition. Our family is defined over the base T := P! \. {0, 1,00} (initially over
Z, then defined over a base ring depending on the parameters). We begin with the affine
variety U, C T xz A7 defined by
311 trixg - x, =1
() $1,$2,...,xn7£0,1.
When n is understood, we suppress notation and write U for U,. The fibers of the map
U — T are contained in the torus (G,,)" C A", in fact in the open where the axes z; = 1
are removed.

We now define a family of branched covers of U. Let @ = (ay,...,a,) and b= (by,...,b,)
with a;, b; € Z. Define
(3.1.2)

n

fan(T1, ... ) = H(—xi)‘“(l — xi)bi_‘” € Zlxy, ..., o, (x1(1 —21) 20 (1 — 2,)) Y]

i=1
Let m € Z>;. We now define the hypersurface in U x A!
(3.1.3) Y =Yopm: " = fan(z1,...,24)
together with the natural branched cover Y — U.

Lemma 3.1.4. For any commutative ring R with 1 # 0 and t € R such that t,t — 1 € R*,
the fiber Y; of the family (3.1.3) is smooth of dimension n — 1.

Proof. Immediate, as we have removed the branch locus. [l

It is an important step in the theory of motives to recognize the corresponding period
integrals, as follows.

Lemma 3.1.5. Suppose that a; —b; € mZ for alli,j =1,...,n. Letci,...,cp,dy,...,dy €
Z, and suppose ¢, = —d,,. Then for all k € (Z/mZ)*, and for allt € C, there exists a cycle
Zy on'Y such that

oG] — )%
Z )

under an appropriate branch cut, where

o A2 = VYt M F(a, B, 1)

7T€7Ti Z?:l (Ci —ka; /m)

1. =
317) sin(km (b, — a,)/m))
and
k(bn — k(by — an- k(b, — a,
o= Cl+1+%,---,cn1+1+—( ma 1),cn+ ( ma)),
(3.1.8)

k(b, — by)
m

k(by, — by
B = (2—|-cl—|—d1—|— ,...,2+Cn1+dn1+%71>.

7



Remark 3.1.9. We refer the reader to [GKZ90, §2.2, 2.7] for a description of the cycle Z;.

Corollary 3.1.10. With notation as in Lemma 3.1.5, we have

T} —x; a;—bn—1 1 —x; b;—a;—1
(3.1.11) i, (o)™ (1 = ) dzy -+ Ay = vyapt™ " F(a, B, 1)
Z ym

where

<a1_bn"”7an—l_bn7an_bn_1);

a =
(3.1.12) " " "
IB;: (bl_bn’“wu’l)‘
m m
Proof. Substitute k=m—1,¢;,=a;, —b,—land d; =b;, —a; — 1 fort=1,...,n. O

It is an expression of the interplay mentioned in the introduction that the periods as
expressed by the hypergeometric series above match the point as expressed by the finite field
hypergeometric functions in our main result.

Proof of Lemma 3.1.5. We compute that (after an appropriate branch cut),

2

k
Yy i=1

Hi(—$i>ci(1 — xi)di ﬁ(_mi)cikai/m(l —

)di+k(b¢7(1¢)(71)/m

(3.1.13)

n

— (_1>Z?:1(ci—kai/m) Hxlcszal/m(l _ xl)dz—k(bl—az)/m

=1

We now apply Lemma 2.2.2 and match exponents. We are required to take 5, = 1 for the
analytic expansion, so 3, —a, — 1 = —a,, = d,, — k(b, — a,)/m so a,, = k(b, — a,)/m — d,,.
But then

cn—kan/m __ _cptk(bp—an)/m—kby/m __ cptdntom . —kbn/m

J:’Vl n

3.1.14
( ) :Ign(tml"'xn_l)kbn/m.

Expansion and substitution in (3.1.13) then gives

n—1
(3115) (_1>Z?:1(cifkai/m)tkbn/m (H x§i+k(bn_ai)/m(1 i xi)dik(biai)/m> $gn(1 o J:n)fom_

i=1

Now for i < n, the exponent match gives a; — 1 = ¢; + k(b, — a;)/m and ; — a; — 1 =

d; — k(b; — a;)/m which yields

k(b, — a; k(b; — a; k(b, — b;
(3.1.16) Bimotetdt Monza) kbiza) o g MO = b)
m m m
giving the parameters in the statement. We similarly match the coefficient in front. U
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3.2. Partial compactification. We now define a partial compactification (birational model)
for the family Y defined in (3.1.3). This model will admit an open immersion from Y, giving
a partial compactification at points (x1, ..., 2,,y) where some z; = 1.

First off: without loss of generality (considering modulo m), we may and do suppose that
a1y ..,Qn,b1,...,b, > 0 and b; > a; for all 7. (We avoided making this hypothesis before
now for uniformity in the description, but now we are trying to find a compactification so
we need to clear denominators. In principle, we only need to ask this for b; — a; > 0.)

We first subdivide the product defining f,p according to a greatest common divisor with
m. For d | m a (positive) divisor, define

(3.2.1) fa,b,d(a:l, o ,xn) = H (_xi>az‘/d H (1 _ xi)(bifai)/d.

gcd(mz,ai):d gcd(m,bli—ai):d
Then
(3.2.2) Jap(T1, ..o 2p) = H fapalzi, ... L2 )?
dlm

since all factors occur exactly once in the product, with the right exponent.

We work over V' O U defined by
trire---x, =1
T1,X2y...,Tn #Oa

(3.2.3)

i.e., we close up the axes where a variable x; = 1. However, our branched cover now comes
with variables also indexed by divisors, i.e., we work in (G,)" x A™™ with toric variables
x1,...,2, and affine variables y, for d | m, where 7(m) is the number of divisors of m. The
branched cover X = Xgp ,,, is defined to be the subvariety in V' cut out by the system of
equations

(3.2.4) yj/h = Yn H fabe(w1, . m,)"
e
dre
with an equation for all h,d such that h | d | m, together with the equation y; = 1.
Proposition 3.2.5. There is an open immersion
(3.2.6) Y —- X

defined by the identity on x1,...,x, and

y™/
(3.2.7) Ya = Lo Jabe (@1, s @n) 2
for each d | m. The birational inverse is defined by the identity on x1, ...z, and
(3.2.8) Y= Ymfapm(T1, ..., x,)".

Moreover, the action of p, by y — Cny extends to X equivariantly using (3.2.7).

Proof. One verifies that the map X --+ Y is an isomorphism (that is to say, defined) away
from the points (z1,...,x4,y) where x; = 1 for some ¢ = 1,...,d. This map can be seen

through considering (3.2.7) in the case where d = m and clearing denominators. U
9



For I C [n]:={1,...,n}, let
ar = (ai)ier
(3.2.9) br := (bi)ier
my = ged({b; —a; 11 & I} U {m}).

We define a ‘twist’ of Y5, 5, m, by (—1)=i#1% as follows. Define the (quasi-)affine variety in
A#! with variables {x;}ic; defined by the equations

g = (DB () (1 - m)
il
(3210) N IC

x; 70,1 foralli e I.

Lemma 3.2.11. Let I C {xy,...,x,} be a subset. Then the intersection of Xqpm with the
affine subvariety of V' defined to be the locus where x; # 1 fori € I and x; =1 fori & I is
isomorphic to Y,y . r-

Proof. We look back at the defining equations (3.2.4). First, we see that if h | d and y, = 0,
then y; = 0. Let d | m. Take h =1 to get

yfjl =W H fa,b,e(xla cee axn)e

elm
dfe
(3.2.12) .
. H H (_xi>al H (1 . :Ci)bﬁaz'
d’[e gcd(m a;)=e ng(mJ?Zi—ai):@

So yqg = 0 if and only if (1 — ;) | fape(T1,...,2,) for some i € I and e | m with d {e. By

definition, this happens if and only if there exists ¢ ¢ I such that d t e = ged(b; — a;, m). By

the contrapositive, this says yq # 0 if and only if d | ged(b; — a;,m) for all i & I, i.e., d | m;.
Let z} = x;,1 according as i € I or not. Plugging in, this leaves

w=T1 I1 o T a-ape

elm i
mte gcd(m a;)=e ged(m,b;—a;)=e

(As confirmation, we see that if i € I then m; | ged(b; — a;, m), so the only terms 1 — z/ that
appear have ¢ € I.) This simplifies to

i = (e T TT0 -
iel el
(If m; | e then the twist by (—1)¢ can be absorbed into the isomorphism.) Replacing m by
my, the birational maps in Proposition 3.2.5 then define an isomorphism to Yg, p, m,- U

4. FINITE FIELD HYPERGEOMETRIC FUNCTIONS

In this section, we recall and compare definitions of finite field analogues of complex

hypergeometric functions [Gre87, Kat90, McC12, FLRST22, BCM15].
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4.1. Setup. Let ¢ = p" be a prime power and let
(4.1.1) g  :=q—1.

We write w'/7": Fy — C* for a generator of the character group on F, so we can write w”
for p € Q such that ¢*u € Z. We extend w: F, — C* by setting w(0) = 0 including for the
trivial character €. Further, let ©: F, — C* be a nontrivial (additive) character.

Definition 4.1.2. For a € (1/¢*)Z, we define the Gauss sum

(4.1.3) g(a) = Z w*(2)O(z).
z€Fy
The Gauss sum takes values in Q((,—1,(,) C C and is well-defined on k € (qixZ) /7.
Remark 4.1.4. While the definition of the Gauss sum also depends on the choice of addi-
tive character ©, the definitions for the Jacobi sum in Definition 4.2.1, the definition of

the Hecke Grossencharacter in (4.3.3), and the period normalized hypergeometric function
in Definition 4.4.1 do not.

Remark 4.1.5. Note the Gauss sum in this definition sums over the elements in [, rather
than F,. The literature in finite field hypergeometric sums is not uniform; there can be
a discrepancy when one defines £(0) to be nonzero or defines the set of summation in the
Gauss sum to include 0 (over Iy, instead of F) in the Gauss sum. First, some authors
impose that €(0) = 0 [FLRST22, McC12] while others use the convention that £(0) = 1
[IR90, BCM15, Coh2]. Second, some authors will alter the summation in the definition of a
Gauss sum to be over the elements in [F, rather than F) (e.g., [IR90, McC12] sum over F,
but [FLRST22, BCM15] sum over ).

With this definition for Gauss sum, we have the following standard properties:
Proposition 4.1.6. We have that g(0) = —1 and, for o € (1/¢*)Z \ Z,
(4.1.7) ga)g(—a) = (~1)q.
Proof. See Cohen [Coh2, Lemma 2.5.8 and Proposition 2.5.9]. O

4.2. Jacobi sums. We recall a definition for Jacobi sums.

Definition 4.2.1. Let o, 8 € (1/¢*)Z. We define the Jacobi sum
T, B)= Y wz)w’(1l- 1)

z€F4,\{0,1}

Remark 4.2.2. Again, there are different conventions for the set of summation of a Jacobi
sum, which can lead to discrepancies just as in the case of Gauss sums. We have adopted
the convention that £(0) = 0, so the set of summation in Definition 4.2.1 can be extended to
z € F,, adding zero.

The rest of this subsection presents identities for Jacobi sums and Gauss sums that we

find useful to compute # X (F,) in the next section.
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Proposition 4.2.3. Let o, 8 € (1/q*)Z. Then

g 9@)g(=B) wh(=1)g*, ifa—pel;
(4.2.4) J(a, =B) = ) + {07 N

Proof. We give a proof that is a straightforward modification of Ireland-Rosen [IR90, §8.3,
Theorem 1] once we carefully track the consequences of taking £(0) = 0 instead.
We have the following expansion of the product g(«)g(—/f):

g(@)g(=p) = [ D w*@e@) | | D« ’w)e(y)

zeFy y€eFY
(4.2.5)
= Y W@l We@ty = | > w(@w’y) |6
z,yeFfy u€l, x,}ieFé
Tt+y=u
Note that when u = 0 we can use the fact that y = —x to obtain the following
B(-1g* fa—-BEZ
(VB () = wB(— apy_ JwP(=1)g* ifa
D ) UL RS P
.’ﬂ,yEF; .’EGF;

z+y=0
Next, if u # 0 then we can rescale by a factor of u to get the following
Yo W@l y) = Y wiuad)w P luy) = w P w) Y (@)W (Y).

z,y€Fy 2y €Fy z'y €Fy
Tty=u ' +y'=1 z'+y'=1

(4.2.7)

So then, if « — 8 ¢ Z, we can simplify to get
(4.2.8)

g(@)g(=8) =D w ) | Y o @w ) | OW) =gla—p) Y w(z)w (y).

ueFg z,y€Fy z,yeFy
z4y=1 z+y=1

Changing the summation to be over one variable, dividing by g(o — ), and using the fact
that g(0) = —1, we obtain

g(a)g(=p) o NB L wh(=1)g*, ifa-pBeZ;
(4.29) gla—B) B xele\{:o 1}w(w) w(l —z) {0, otherwise.

Corollary 4.2.10. We have

Ja,=B) ifa—-B¢&Z;
(4.2.11) o)g(=5) _ )4 ifa €Z or B €L

g(a—pB) —w*(=1)q ifa—pBeZbutodZ.
12



Proof. The first case is Proposition 4.2.3 and the latter two cases follow immediately from
Proposition 4.1.6. 0

Corollary 4.2.12. Let o, f € Q/Z and suppose that o« — 5 € Z, but o ¢ Z. Then
19(@)g(=5)
gla—p)

Proof. Since a — 3 € 7Z, we have w®(—1) = w™#(—1). By combining Proposition 4.2.3 and
Corollary 4.2.10, we compute

Ty =B) = =" (~1)q + w7 (~1)g" =" (~1)(~q + ¢") = ~w"(~1)

J(a, =f) = —w(=1) =

Applying Corollary 4.2.10 again proves the second identity. 0

The following lemma yields a relation for Jacobi sums induced that we use in the next
section. This identity is known (e.g., see [FLRST22, Lemma 2.8]), but we present a short
geometric proof using a Mobius transformation.

Lemma 4.2.13. Let o, 5 € (1/¢*)Z. We have

Z w*(z)w?(1 — ) = Z w(—z)w P71 — 2).

2€F \{0,1} 2€F \{0,1}

Proof. We apply the Mobius transformation M (x) = z/(x — 1) to the left hand side to rear-
range the sum. Note the summing indexation does not change as M ({0, 1,00}) = {0, 1, 00}.
After computing that 1 — M(x) = (1 — z)~! under this transformation, we compute

Yo wfl-z) = ) w@/(z-Dw(1-1)

z€F,\{0,1} z€F,\{0,1}

— Z wa(—x)w*ﬁ*a(l—x). O

z€F,\{0,1}

4.3. Hecke Grossencharacters. In this section, we briefly review how Gauss sums and
Jacobi sums yield Hecke Grossencharacters (or Grossencharaktere) over cyclotomic fields.
This idea goes back to Weil [Wei52] and has been investigated by many authors; see Watkins
[Wat18] for an explicit version.

Although the theory is quite general, we focus on the case of interest. Let m € Z>;. We
work with K := Q((,,) with ring of integers Zx = Z[(]. We consider Q((,,) C C by taking
Cm = exp(2mi/m). Let p C Zg be a prime ideal that is coprime to m, and write ¢ = Nm(p)
for its norm and let F, := Zg /p for its residue field. Denote by

(4.3.1) X" EE = (G
the character uniquely characterized by the condition that
X;/m(x) = (@Y™ (mod p).

We extend by zero to F,. The character X;/ " has order m, so under a choice of isomorphism

Zx /p ~ T, it corresponds to w/™ (see Remark 4.1.4).
13



We may therefore extend our notation to this setting as follows. Given « € (1/m)Z, we
define the Gauss sum for p as

(4.3.2) gpl@) = > xg(x)0().

TE€LK [P
And for a, 8 C (1/m)Z satisfying #a = #B = n, we define
gp ;) gp(—05i)
4.3.3 Vo :
(4.3.3) B(p H o (ci — B

=1

Theorem 4.3.4. The assignment p — ag(p) defines a Hecke Grossencharacter 1op for
Q(Cm) with the property that if ox(Cn) = & for k € (Z/mZ)*, then ok (Vo) = Vraks-

Proof. See Watkins [Wat18, §2.2]. Galois equivariance can also be proven directly from the
definitions using the fact that o}, o w = w* and o4, 0 © = O (analogously to [DKSSVW?20,
Lemma 4.9.1(a)]). O

4.4. A formula for (period-normalized) hypergeometric functions. With the anal-
ogy between Gauss sums and the I'-function in mind, but thinking in terms of periods, we
make the following definition.

Definition 4.4.1. Let a, 8 C (1/¢*)Z be hypergeometric parameters with #a = #8 = n.
For t € F, we define the (period-normalized) hypergeometric sum by

(44.2) H(a,B,1) ——ZGaﬂt/q B /g (1)
where

“ glaq)g(—py)
(4.4.3) H P

i=1

In Definition 4.4.1, note that we do not require the standard assumption in complex
hypergeometric functions that 3, = 1. However, one may reduce to this case by introducing
a twist, shifting all parameters by 1 — 3,, as in the complex case, according to the following
lemma.

Lemma 4.4.4. If ¢*0 € 7Z, then
Hy(a+68,B8+6,t) =w(—1)"t)°H,(a, B, ).
Proof. Immediate from reordering the sum, replacing p < p + ¢*9. U

Remark 4.4.5. Definition 4.4.1 is called period-normalized because it takes into account the
factor 74,4 in Euler’s integral formula (Lemma 2.2.2), following the convention of Fuselier—
Long-Ramakrishna—Swisher—Tu [FLRST22]. It is a twist of the definition in Beukers—Cohen—
Mellit [BCM15] by (the value of) a Hecke Grossencharacter over Q((,,) (Theorem 4.3.4),
more precisely we have
H(a,B,t) = G(a, B)H*M(a, B, 1).
Definition 4.4.1 depends on pairing up the numerator and denominator parameters (retain-

ing simultaneous permutation by S,,), whereas the definition given by Beukers-Cohen—Mellit
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[BCM15] allows permuting numerator and denominator parameters separately, by S,, x S,,.
On the other hand, our definition has a simpler shift given in Lemma 4.4.4 and gives us
the simplest theorem statement. Both normalizations have their advantages and reflect the
fact that one can always twist hypergeometric motives. For a complete comparison with the
many other versions of finite field hypergeometric functions given in the literature, we refer
the reader to [FLRST22, §4.4].

Recall the canonical isomorphism Gal(Q(() |Q) = (Z/mZ)*. Let H be the subgroup of
k: € (Z/mZ)* such that ka, kB is a permutation of a, B8 (simultaneous reordering), and let
Kap =Q(¢n)" C Q(¢n) C C* be the subfield fixed under H.

Lemma 4.4.6. We have H,(a, B,t) € Kop and H,(pa, pB,t) = H,(a, B, 7).

Proof. Repeat the proof of [DKSSVW20, Lemma 3.2.10], observing that G(e,) has the
same invariance so the conclusion holds as well for the period-normalized sum. 0

Definition 4.4.7. Let a, 8 be hypergeometric parameters with #a = #8. We say that «o;
or (3; is a degenerate parameter if B; — a; € Z. We say the parameters are degenerate if there
exists a degenerate parameter, else they are nondegenerate. Finally, we say the parameters
are isotypically degenerate if there is exactly one degenerate parameter.

Ezample 4.4.8. The parameters @ = (1/2,3/4), B = (0,1/4) are nondegenerate; a =
(1/2,1/2,1/4) and B = (1/2,1/2,3/4) are isotypically degenerate with the unique degen-
erate parameter 1/2 having multiplicity 2, and @ = (1/2,0,1/4) and B = (1/2,0,3/4) are
degenerate but not isotypically degenerate.

Remark 4.4.9. The condition in Definition 4.4.7 has previously been known as primitive in
the literature [FLRST22]; however, the condition is not that a failure of coprimality of some
kind, but rather that the period-normalized hypergeometric sum decomposes nontrivially as
sums in the degenerate case when one considers the Gauss sums in light of Proposition 4.2.3.

4.5. Hypersurface point counts. We now prove an identity that allows us to use our
period-normalized hypergeometric sum to count points when the hypergeometric parameters
are nondegenerate. This is in analogy with the recursive definition given in [FLRST22], but
our proof does not require any recursive argument or definition.

For the remainder of this section, we suppress the dependence on ¢ and write just H = H,.

Proposition 4.5.1. Leta, B C (1/q™)Z be nondegenerate parameters such that #a = #8 =
n. Lett € F,~{0,1}. Then

(4.5.2) > (Hw fimai(] — xi)> — —H(a, B,1).

(z:)€(Fq \{0, 1})

try-xn=1

Remark 4.5.3. The summation in (4.5.2) does not change if we add in points where x; = 0

or 1 for any ¢ since our convention in §4 imposes that x(0) = 0 for all characters .
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Proof. By Proposition 4.2.3 using the nondegeneracy hypothesis along with Definition 4.2.1,
(4.5.4)

Gla+p/q" B+ u/q") Hg aﬁu/q( )9 <5) —#/7') ZHJ(OéiJru/qX,—u/qX — i)

||
—= I
)

Z wﬂ/qXJFai(xi)w*N/qX*/Bi(l _ IL’z)
1 \z;eF,\{0,1}

ﬁ Yo W )Wt (=) |

=1 \z;€F,\{0,1}

]

where the last line follows from applying Lemma 4.2.13.
We then plug (4.5.4) into Definition 4.4.1 to obtain
(4.5.5)

H(a,B,t) = —qiz H > w ()TN (L = @)t (—ay) | w((—1)" )

p=0 \i=1 z;€F,\{0,1}

" 1= ;
q
©=0

(x:)E€(F \{0,1})m i=1

Finally, by character theory the latter term is 1 or 0 as tx;---x4 = 1 or not; so the sum
becomes

H(a,B.t)=— > Hw W) (1 — ;). O
(zi)€(FN\{0,1})™ i=1
try-xn=1
4.6. Hypergeometric L-series. To conclude, we globalize. Suppose that o;—f; & Z for all
i,7 =1,...,n (a fundamental premise of our paper is to analyze degeneracies separately).
Let t € Q ~ {0,1}, and let S(a,B,t) be the set of primes dividing m together with the
numerator or denominator of either ¢ or t — 1; we call these primes bad.

Let p ¢ S(a,B) be a good prime, let ¢ = p/ = Nm(p) for any prime p in Z[(,,] above
p. Then in particular ¢*a, ¢*B C Z. We recall (Definition 4.4.1, Lemma 4.4.6) the period-
normalized hypergeometric sum Hy(a,B,t) € Kop C Q((rn). We define its exponential
generating series

oo TT
(4.6.1) L,(H(a,B,t),T) :==exp (; —Hy(a, B, t)7> € 14+ TKyg[[T]].
and the product
(4.62) Lo(H(eB:), Q). T) = [T LoH(ka kB 1), T) € 1+ TKqp[[T]).
ke(Z/mZ)*/(p)

Lemma 4.6.3. We have
(4.6.4) Ly(H(a,B,1),Q(¢ ) T) € 1+ TQ[T]]



and

(4.6.5) Ly(H(a, 8,1), Q(CGn), T') = Ly(H (ka; kB, 1), Q(¢m), T)
for all k € Z coprime to p and m.

Proof. Repeat the argument in [DKSSVW20, Lemma 4.1.9] (our sum is period-normalized,
but the same argument applies). O

The following result due to Katz is foundational.
Theorem 4.6.6 (Katz). L,(H(a,8,T) € 1 + TQ((n)[T] is a polynomial of degree n.

Proof. See [Kat90, Theorem 8.4.2]. The finite field hypergeometric sum [Kat90, (8.2.7)] is
the trace on a sheaf of rank n obtained from convolution. (More generally, see also Katz’s
work on rigid local systems [Kat96, Chapter 8].) O

5. POINT COUNTS IN CYCLIC COVERS AND FOR THE FAMILY Ygp

In this section, we count points on fibers of the family Xg,p,, defined in (3.2.4), obtained
as a partial compactification of the family defined in (3.1.3). We continue the notation from
the previous sections.

5.1. Character sums and primitive point counts. Throughout this section, let ¢ be a
prime power with ged(m,q) = 1, and let m, = ged(m,¢*). To count points over F,, we
require the following basic proposition which relates them to character sums.

Proposition 5.1.1. For all v € F,
#ly eFy y" =a} =y €Fy cy™ =a} = ) wh™i(a).
k=1

Proof. Straightforward character theory, e.g. generalizing Ireland-Rosen [IR90, Proposition
8.1.5]. 0

In particular, Proposition 5.1.1 implies that our point counts below over I, will only need
to consider characters of order dividing my.

We organize the sum in Proposition 5.1.1 into pieces as follows. Suppose that t € F, \
{0,1}. We define the primitive point count for Y, 4 m, ¢ over Fy by

(5.1.2) Pabmgt(Fy) = Y > WM fp(x).

kE(Z/mqZ)* xe(Fq~{0,1})™
try---xnp=1

FEzample 5.1.3. When m, = 1, we interpret the sum as over one index k = 0, and
Pop1:t(Fy) = #Un(F,) = #{z € (F,~{0,1})" : tay - - -, = 1}.
We have
#Un(Fy) = (¢ — Q)n_l — #U,1(Fy)
and #U;(F,) =1 (since t # 1), so

n—

Pap1:(Fy) = Z(—l)i(q ) =

=0

(=2 = (-1)"
qg—1

~
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Lemma 5.1.4. We have
#Vabmi(Fo) = #Yabmet(Fg) = Papas(Fy).

dimg

Proof. Applying Proposition 5.1.1 and organizing according to d = ged(k, m,), still with
mg = ged(m, ¢*) we have

W)= 3 S W (fup(a))

z€(Fg~{0,1})™ k=1

(5.1.5) twy =1
- Z Z Z wdk/mq (fa,b(x)) = Z Pa,b,mq/d,t(IF )
dlmq kE€(Z/(mq/d)Z)* xet(IF'q\{O,li)" djmg
Ty Tn=
which gives the result swapping d and m,/d. 0

Recall Y, . ;, from (3.2.10). Since Y, m.1¢ 15 & twist of Yg, p, ¢, defining

(5.1.6) ot t(Fq) == Z (_1)(kqx/m)(zi¢1 a;) Z WM (fy 4 (),
ke(Z/mqL)* 2€(Fg{0,1)#7
t Hie] .CE,L':l

in much the same way we conclude the following.

Corollary 5.1.7. We have

#Y;z/,b,m,l,t(FfI) = #Y;z,/,b,mq,l,t(Fq) = Z F, é,b,d,[,t(Fq)-

d|mq

Proof. The proof is almost verbatim that of Lemma 5.1.4, after taking into consideration
the twist. 0

Remark 5.1.8. We use the word primitive because we are motivated by thinking about these
point counts as arising from the action of Frobenius on compactly supported étale cohomol-
ogy; then the group scheme p,, acts, and we think of the above pieces as corresponding to
those where this group acts by a primitive dth root of unity for d | m,. Unfortunately, we
are not able to make this analogy a method of proof, because we do not have the necessary
control over this cohomological action—so we must be indirect instead.

5.2. Setup. By definition, the scheme Xa,b,m is naturally stratified based on whether or not
= 1. We recall (3.2.10), that for I C {1,...,n}, the restriction of Xgp,, to the subset
Where x; # 1foriel and x; =1 for i € I is given by Y, by Lemma 3.2.11. Hence

ame
(5.2.1) #X g pmi(F Z # tomrs(F Z #abmq,lx 0
Ic{a,..., Ic{a,...,

We remark and emphasize that this is exactly possible due to the construction of the partial
compactification. In light of (5.2.1), without loss of generality we may suppose that m =

mg = ged(m, ¢*).
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Next, we decompose the point counts on the open sets into their primitive parts using
Corollary 5.1.7. By substituting into (5.2.1), recalling a;,b;, my, in (3.2.9), and interchanging
the order of summation, we obtain:

Z # abm, It Z Z Z Z wkZigI ai/d<_1)wk/d(fa1,b1,m1 (1:))

I dlmy ke(Z/dZ)* (z;)e(Fq\{0,1})!
tHiGIxizl

(5.2.2) =33 > > e D) oy (2)

dm I ke(Z/dZ)* (x;)e(F,\{0,1})]

dimg t[Tiep =1
- a,b,d,[,t (FQ)
dlm
d|m1

To proceed, we need to study the fibers of the map I — m;.

Lemma 5.2.3. The map

PH{1,...,n}) = {d:d|m}
I'—m;=ged({b; —a;:i ¢ I} U{m})

from the power set to the set of divisors of m is a map of posets: if I C I' then my | my.

Proof. This is straightforward upon unravelling the partial orderings. 0J

To organize the subsets I as in (5.2.2), it is natural to look at the subset of indices ¢ such
that d | (b; — a;); in terms of posets, by definition this set is the maximal [ such that d | m;.
However, it is more convenient to work with the complement (so a minimal set). We define

(5.2.4) Ip:={i:dt(bi—a;)} C[n|:={1,...,n}.

We thus can write, using Lemma 5.2.3,

(525) Z# abm,I,t ZZ abdlt

djm 121,

5.3. Explicit hypergeometric point count. We now observe a remarkable Mobius-like
cancellation; this theorem forms the technical heart of the paper.

Theorem 5.3.1. Let
Q:i,t = Q:z,b,d,t = Z Pzi,b,d,],tGFq)'

121,
(a) If [n] = I, then
Qu=— > Hy(ka/d kb/d,t).

ke(Z/dZ)*
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(b) Suppose [n] # 1; and a; — a; € dZ for all i,j € [n] \ I4. Let j such that j & [n]\ I,
and let ¢ = a;. Then

th = (- )#]d Z w—kc/d<t>(q><>n—#1d_1

ke(z/dz)*
(5.3.2)
H wk(alfc) k;(b ,az) kZz 1 az/d H wk(al c /d 1)
ZEId ’Le]d
cbigdzZ c—b;€dZ

(c) If [n] # Iy and there exists i,j € [n] \ Iy so that a; — a; ¢ dZ, then Q, = 0.

Proof. For (a), we start with the definition (5.1.6) and use the hypothesis to simplify to

Z Pé,?b,d,Lt _ Z Z H wkaz/d k(b —al)/d(l 331)

121, ke(Z/dZ)* ze(Fg~{0,1})™
try1-xn=1

Applying Proposition 4.5.1 obtains the result.
For (b) and (c), choose some j € [n] \ Iy, i.e., b; — a; € dZ and write I; := I U{j}. Then
(5.3.3)

A / /
Qay = § Pavars T Papar,

I
1aCIC[n)\{}

_ Z Z Hwkaz/d 1) Z Hwkai/d(_xi)wk(bifai)/d(l - xl)

I ke(Z/dz)* il (z:)€(Fa\{0,1})! €1
t[]iep zi=1

+ Z (J.Jkaj/d Hwkaz/d ’L ( % az)/d(l — 331)

(z:)€(F\{0,11)1 iel
tHite zi=1

_ Z Z kZzQIal/d 1) Z wk“j/d(xj) Hwkai/d(_xi)wk(bi—ai)/d(l _ xl>

Ik (z:)€(Fg\{0,1})] el
xjqu\{O}
tHite z=1

The first equality is from partitioning the summation over when I contains j or not, the
second is pulling out a common character, and the third is realizing one can combine the
sums into a summation over all z; € I, since the first sum is when z; = 1. We now substitute
zj = (t[[,c; ;)" and continue.
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For each I D I, and k € (Z/dZ)*, we have

(5.3.4)
Hwkaz/d Z w*kaj/d(tHiEIx» Hie] wkai/d<_xi)wk(bi—ai)/d(1 _ Iz)
il ( ) E€(F\{0,11)1

— i ai)/d(_l)w—kaj/d(t) Z Hwk(az aj /d i)W k(b az)/d(l — ;)
(z:)€(F\{0,1})! i€l
= P e/ 1), ~kas/d (p) H Z wh@i=ad)/d( g\ Fbimad/d (] _ gy
i€l z;€(Fg\{0,1})
= Wi A () [ [T (ke = aj)/d, k(b = i) /d).
iel
We focus on the quantity J(k(a; —a;)/d, k(b —a;)/d). This quantity can be made explicit.
If i € Iy, then we apply Corollary 4.2.10 when a; — b; ¢ dZ and Corollary 4.2.12 when

a; — b; € dZ to obtain
wk k(ai—ajz) k(bs al)a if b; — Qj ¢ dZ7
—hlai= %W( 1), ifb —a;€dZ.

If 4 ¢ [d then bl —a; € dZ, SO

(5.3.6) J(k(a; —ay)/d, k(b —a;)/d) = Y whemm)/d(g) = {—1 if a; — a; & di;

X L .
2€F,\{0,1} ¢ —1 ita; —a;€dZ.

Substituting these into (5.3.4), summing over / and k, and substituting back into (5.3.3) we
obtain
(5.3.7)

Qilﬂf = Z Z Z wkzﬁl ai/d(_l)wk/d(faj,bhml)

I21a ke (Z/dZ)* (2;)€(F,\{0.1})!
t HiEI l‘izl

— Y oyt [T wkal Mai—a;) hbi—ai)

ke(Z)dZ) > Z%Iédz d
ijf
H —whleima)/d(_1) | Z H -1 H g —
i€l i€\l i€\,
aj—bigdZ IdCIC[ s} aifaj\@éddZ ai—eaj\efiZ

We focus on this second line. We can compute by rearranging the sum into a product of
binomials

(5.3.8)
> II v II w-uf=1 II «=v+v I[ (@-n+1
I,CT1 QI[n] \{s5} azf i}éizz aZ—E i ]\ gzz aZE i ]\ éizz az—e i}éizz



So the entire quantity vanishes if there exists j, k € [n]\ I so that ay, —a; ¢ dZ, proving (c).
Otherwise, if a;, — a; € dZ for all j, k € [n] \ I, we obtain

Qilt - Z Z Z kZiE[ai/d<_1)wk/d(fa1,b1,m1)

I214 Ke(Z/dZ)* (2:)€(F\{0,1})]

t[licr zi=1
— kz;;l al/d _1 —ka]-/d t X n—#]d—l
ke(z/dz)>
( H wk(al aJ k(b, az)> ( H _wk(ai_aj)/d(_1)>
i€ly i€ly
aj—b édZ ajfbiedZ
as claimed. U

Remark 5.3.10. We are led to think of the outcome of Theorem 5.3.1 as some indication that
in a degenerate setting, the hypergeometric motive becomes a Jacobi motive. The expression
in Theorem 5.3.1(b) is complicated because we work over the torus, leaving pieces in every
dimension. We leave the further pursuit of this notion of degeneration for future work.

5.4. Proof of main result. We now are now staged to complete the proof of our main
result, taking the point counts over finite fields and assembling them into the zeta function.
Recalling §4.6, let S = S(a, B,t) be the set of bad primes. Then by definition

(541) QS abmt, S HZ a,bmta )

pgS

where Z,(Xapmt, 1) € Q(T) is the zeta function (exponential generating series) over F,,.

We recall (Theorem 4.3.4) that Gauss sums give rise to Hecke Grossencharacters for Q(¢,,).
Anticipating (5.3.2) (in Theorem 5.3.1(b)), we will need a twist, defined as follows. Let d | m,
and suppose that a/d,b/d is isotypically degenerate for ¢/d. As before, we write e(a/d,b/d)
for the multiplicity of ¢/d in a/d. Then for p C Z[(,] above a good prime p, we define

(54.2) Yapas(p) = w /(1) (w GOV || I A )( 11 Vaice b >>

i€ly i€ly
c—b;€dZ c—b;¢dZ

where we recall (5.2.4)
Ip={i:dt(b;—ay)} C[n]:={1,...,n}.

Theorem 5.4.3. For p good, we have

L,(H(a/d,b/d,t),Q((a),T), if a/d,b/d is nondegenerate;
ela _ _qyn—e@asab/ay  if a/d,b/d is isotypicall
Zp(Xapmt:T) :%—[ Zp((Gun) /D=1 Q(Ca), T Yapae) ™ ; / /deggnemte; e
"1 else.

’

Proof. Let ¢ = p" with r > 1. We get organized by (5.2.1) and note that after that we need
to substitute m, = ged(m, ¢*) for m. Then plug in (5.2.5) to get

(5.4.4) #Xapmt(Fq) = Z Z ab,d,I t Z Qd it

dlmg 1214 d|mg
22



where the latter suppresses notation, staging for Theorem 5.3.1. Thus

log Z,(X,T) Z#X Z( S QuE, ))ﬁ
d|ged(m,pm—1)
:Z Z Qil,t(Fp)

e
dim g1 1)

(5.4.5)

Now let f; be the order of p modulo d, and let g4 := p/?; then d | (p” — 1) if and only if f4 | 7.
Exponentiating (5.4.5) and substituting then gives

(5.4.6) Hexp(z Q44(Fy) rn )7")

dlm

To finish, we plug in Theorem 5.3.1 in three cases. In the first case, we recognize the sum
over Galois conjugates in part (a) from (4.6.2). In the second case, we apply part (b) having
defined the Hecke Grossencharacter in (5.4.2), again with its Galois conjugates. The third
case gives no contribution. 0

Proof of Theorem 1.2.4. For the partial compactification, see Proposition 3.2.5; then in each
term of the product in (5.4.1) apply Theorem 5.4.3. O

6. EXAMPLES

To conclude, we give a few examples. Our computations are performed in Magma [BCP97].

6.1. Curve. Consider the case m = 4 with @ = (1,0) and b = (3,2). Then Y is defined by
yt = (—21)(1 — 21)*(1 — 29)%; triry =1
where x1, 25 # 0,1. Our partial compactification X C (G,,)? x A3 is defined by the equations
trizg=y1 =1,  x1,22#0,
together with
yi = (—o) (1= 21)*(1 = 22)%  yf = (1 —2)(1 —22); 45 = (—a1).

Theorem 1.2.4 gives the zeta function of X as the product over d = 1,2,4. We compute that
Iy = {1,2}, I, = (), and I = (. The first case has nondegenerate parameters; the second
degenerate but not isotypic parameters (1/2,0),(1/2,0); the third degenerate and isotypic
parameters, and trivial Hecke Grossencharacter. Thus

(6.1.1) Cs(X,s) = L(H(1/4,0;1/2,1/2),Q(i), $)(s(Gy, ).
Running through the proof a bit, with notation as in Theorem 5.3.1, we have that
(6'12) #Xa,b,m,t(Fq) = Z Q;,b,d,l,t
dlm
where



and Q) = 0 and Q) = g%, using each case exactly once. We then obtain that
2 1 q, g y

4X,, t(]F){qX H( O,;,;,t) H( O,é,;,t) if g =1 (mod 4);
a,,m, q -

q>, otherwise.

Through the zigzag procedure, one can see that the Hodge vectors for the two hypergeo-
metric series are (1,1) + (1,1) = (2,2).

6.2. Surface. Consider the case m = 12 with @ = (1,3,6) and b —a = (2,4,12) so b =
(3,7,18). Then Y is defined by

y'? = (—21)(1 — 21)(=22)°(1 — 2)* (—23)° (1 — 3)"
=2,(1 —21) %23 (1 — x2)4xg(1 — x3)"?

together with txy-- x4 =1 and x1,2s,...,24 # 0, 1.
Our partial compactification X C (G,,)? x AS is defined by the equations

tryrows =y = 1, Ty, T, T3 # 0,
together with
(6.2.1)
iz = (—21) (1 = 21)*(=22)* (1 = 22)*(=23)°, Yo = v2(1 — 1) (1 — 22)*(—3)°,
Yz = ys(—22)(—23)%, Yo = ya(1 — m3),
Yia = ye(—13), ye = (—x1)(1 — 21)*(—22)° (1 — 22)*,
Yo = ya(1 — 1) (1 — x2)?, Y5 = ys(—12),
yi = (—21)(1 = 21)*(—22)*(—23)°, yi = (1 — 21)(—a3)°,
Y3 = (—21) (1 — 21)*(1 — 22)", ys = (—x1)(—22)°

When z; = 1, the equations (6.2.1) above reduce to

v = (—22)%  ys=v1=ys = y12 = 0.
When x5, 23 # 1, this is Y(36),(7,18),2 =~ Y{(1,0),(1,0),2- When 25 =1 and x5 # 1, we get y3 = —1
in the variables 5, z3. In this case, we can see that the sign is twisted and see that this is
isomorphic to Y( 0),(0 . If instead z3 = 1, we get Y{(1),1)2.
Next, examine the case where x5 = 1 and 27 # 1. The equations (6.2.1) reduce to
Y12 =Ys = Y3 = 0, yf;l = (—z1)(1 - 1’1)2(—%)6;
yi = ya(1 — 1) (—x3)’ ys = (—11)
Using that x3 # 0, one can solve for and eliminate y,, hence we obtain that this stratum
is isomorphic to Y{(16)3,6)4 =~ Y(1,2),32):4 When x3 # 1. If 23 = 1, then it is isomorphic to
Y,
Lastly, when x3 = 1 and z1, 25 # 1, we can solve for and eliminate ys, y3, y4, yg. Substitute
x3 = 1 into the first equation in (6.2.1), to see this stratum is isomorphic to Y{1 3) (3,712
We compute that I1o = Iy = I3 = {1,2}, I, = {1}, and I = I, = (). By Theorem 5.3.1,
we compute @, ;;, for all d | 12 to be

—k
Qubizr: = Z w /2(t)1/1(5k/12,3k/4),(k/6,k/3); Qupars =0

ke(Z/12Z)%
24



Q;,b,ﬁ,l,t = Z Yk /6,k/2),(k/3,2k/3); Q;,bg, 1t =0;

Q

ke(Z/6Z)*

osse = > —ous(—1) = ~2; Quprrs = ()2

ke(z/32)%

In this case, there is no hypergeometric motive arising at alll For d = 12, we get the Hodge
numbers (1,2, 1) over Q((12) (so totalling (4,8,4)); for d = 6, we get (1,0, 1) over Q({g) (so
totalling (2,0, 2)). Lastly, for d = 1,3, we get a contribution in the second cohomology of
type (0,2,0). In sum, we get a middle Hodge structure of type (6, 10,6).
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