ON GALOIS INERTIAL TYPES OF ELLIPTIC CURVES OVER Q,

LASSINA DEMBELE, NUNO FREITAS, AND JOHN VOIGHT

ABSTRACT. We provide a complete, explicit description of the inertial Weil-Deligne types
arising from elliptic curves over Q, for p prime.

1. INTRODUCTION

1.1. Motivation. In the classification of finite-dimensional complex representations of the
absolute Galois group of a local field, it has proven to be very useful to classify by restriction
to the inertia subgroup [10, 33, 9, 29|. In this article, we will pursue an explicit classification
for such representations coming from elliptic curves.

Let p be prime and let ' O Q, be a finite extension with algebraic closure F?. Let
W be the Weil group of F, the subgroup of Gal(F™ | F') acting by an integer power of the
Frobenius map on the maximal unramified subextension. Let (p: Wrp — GL,,(C), N) be an
n-dimensional (complex) Weil-Deligne representation (Definition 2.1.3). Let Ir < Wpg be
the inertia subgroup. An inertial (Weil-Deligne) type (also called a Galois inertial type) is a
pair (7, N) where 7 = p|;, for a Weil-Deligne representation (p, N). To ease notation, we
will often abbreviate the pair (7, N) by 7 (and indeed often we have N = 0 anyway).

Already the case n = 2 is interesting and rich, and we will consider this case here. Iner-
tial types for 2-dimensional representations were introduced by Conrad—Diamond—Taylor [14]
and Breuil-Conrad-Diamond-Taylor [6] in the study of deformation rings of Galois represen-
tations and were used in the proof of modularity of elliptic curves over Q. Diamond-Kramer
[20, Appendix| described the analogously defined type (as in Diamond [19]) of the mod p
Galois representation pg , attached to an elliptic curve E over F'in terms of the j-invariant
of F; in particular, they give a description of the restriction of pp , to Ir in as much detail
as possible using only j(E).

Types have also been studied in the context of Galois representations attached more
generally to classical modular forms. For example, in Loeffler—Weinstein [30, 31] an algorithm
to determine the restriction to decomposition groups of such representations was described
and implemented; this includes a description of the inertial type. By counting the number
of inertial types attached to modular forms, Dieulefait—Pacetti-Tsaknias [21] have given a
precise generalization of the Maeda conjecture.

Additionally, inertial types have played a prominent role in the mod p and p-adic Langlands
program. Henniart |7, Appendix| showed that there is an inertial Langlands correspondence
between 2-dimensional Galois inertial types of F' and smooth representations of GLy(OF),
where O denotes the ring of integers of F. Indeed, the Breuil-Mézard conjecture [7] for Q,
can be seen as a refinement of Serre’s conjecture over (Q, where inertial types are a crucial
input. An inertial Langlands correspondence for general n > 2 was proven by Paskunas [33].
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Diophantine applications provide another important motivation to study inertial types for
GLs. In Bennett—Skinner [3], the image of inertia argument was introduced and successfully
applied to solve certain Fermat equations. Recently, further refinements and applications
of this argument were obtained by Billerey—-Chen—Dieulefait—Freitas [4]: we may be able
to distinguish between the mod p representations attached to elliptic curves over a global
field by showing they have different images of inertia [4, Section 3]. Therefore, the more we
know about inertial types of elliptic curves, the greater the applicability of this argument.
In this direction, Freitas—Naskrecki-Stoll [25, Theorem 3.1] describe the possible fixed fields
of the restriction ﬁE’p] Iy, O inertia for elliptic curves E over QQ, with certain reduction types
at p = 2,3, and they applied this to study solutions of the generalized Fermat equation
2% 4P = 2P,

In light of these applications, the goal of this paper is to give a complete, explicit descrip-
tion of the inertial types for all elliptic curves E over Q,. Our main theorem (Theorem 1.2
below) has already been applied to the determination of the symplectic type of isomorphisms
between the p-torsion of elliptic curve by Freitas—Kraus [26].

1.2. Main result. Let E be an elliptic curve over F' = Q,. Attached to E is an inertial
Weil-Deligne type 75 obtained from the action on the (dual of the) ¢-adic Tate module for
a prime ¢ # p, independent of ¢ (for details, see Section 3.1). If E has potentially good
reduction, then this good reduction is obtained over a minimal finite extension L O F""
where F" denotes the maximal unramified extension of F, and we define the semistability
defect of £ to be eg :=[L : F™].

Our main result (combining Lemma 3.2.4, Propositions 4.1.1, 4.2.1, and 5.2.2, and Theo-
rems 6.1.4 and 7.1.2) is as follows.

Main Theorem. Let E be an elliptic curve over Q, with conductor Ng and inertial Weil-
Deligne type 7g; if E has additive, potentially good reduction, let eg be its semistability defect.
Then Tg is classified up to equivalence according to Table 1.

The notation in Table 1 is explained in Section 2.5. In Table 1, the exceptional (or
primitive) supercuspidal representations are labelled as such and collected in the last rows
of the table, whereas the nonexceptional (imprimitive) supercuspidal representations are
labelled simply supercuspidal, for brevity.

All types in Table 1 arise for an elliptic curve over Q,: see Tables 4, 6.7, and 17. See
Dokchitser—Dokchitser [23] for computation of Kodaira types—the type restricts the possible
Kodaira types but not necessarily uniquely, so for simplicity we do not include them in our
table.

Our method of proof of the Main Theorem is by direct calculation: we deduce the in-
ertial type associated to an elliptic curve over QQ, in terms of its reduction type. We have
endeavored to streamline these calculations while still remaining comprehensive and as self-
contained as possible. Many of our calculations are performed in the computer algebra
system Magma [5]; the code is available online [18].

Indeed, many of these calculations can be found in other places in the literature: for
example, the 3-adic types are already implicitly given in the proof of the modularity theorem
[6], and Dieulefait—Pacetti-Tsaknias [21] more generally identify local invariants of Galois
orbits of classical newforms (relevant here for weight £ = 2). Coppola [15, 16] has recently

studied wild Galois representations (p = 3 and e = 12; p = 2 and e = 8, 24) over more general
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Reduction type ‘ P ‘ eE ‘ vp(NE) ‘ TE Description

good - - 0 Teriv trivial
multiplicative | - - 1 TSt,p special
additive, >3- 2 TSt,p @ Ep
poter'ltiglly' 5 ) 4 Tst,2 @ €4 special
multiplicative 6 Tt ® E4g
2 Teriv @ Ep o .
principal series
>513,46|(p—1)|2 Tos,p(1, 1, €)
3,46 (p+1) Tsep(U, 1, €) supercuspidal
2 2 Ttriv @ €3 .. .
principal series
3 4 Tps, 3(1,2,3)
5 1 Toe3(~1,2,3) supercuspidal
4 2 Tee,3(—1,1,4)
3 6 4 Tps,3(1,2,3) ®@e3 principal series
6 4 Tse,3(—1,2,3) @e3
19 3 Tse,3(£3,2,6) supercuspidal
5 Twes(—3,4,6), (j=0,1,2)
4 Ttriv & €4 - .
2 principal series
additive, 6 Ttriv & €48
potentially 3 2 Tse,2(5,1,3) supercuspidal
good A . Tps,2(1,4,4) ®eq (d =1,—4) | principal series
Tse,2(5,4,4) ®@eq (d=1,—4)
] 4 Tee2(5,1,3) ® e_4
6 Tse,2(5,1,3) ® e4g
5 Tse,2(—4,3,4), )
5 Tee2(—20,3,4) supercuspidal
8 6 Tse,2(—4,3,4) ® es,
Tse,2(—20,3,4) @ €3
8 Tse,2(—4,6,4)®eq (d=1,-4)
3 Tex,2,1
4 Tex,2,1 ® €4 exceptional
24 6 Tex,2,1 @ €48 supercuspidal
7 Tex,22Q¢€q (d =1, —4,£8)

TABLE 1. Inertial WD-types for elliptic curves over Q,

local fields, classifying the Galois representation up to isomorphism (as an abstract group)
but without providing the explicit description of the underlying field. Finally, Barrios—
Roy [1] recently studied representations (including the inertial type) for elliptic curves with

nontrivial odd torsion.
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Our proof has an interesting algorithmic consequence: to compute the type of an elliptic
curve I over Q,, it suffices to run Tate’s algorithm on E over an explicit finite list of ex-
tensions of Q,, see e.g. Corollary 5.3.4. For reliability, we have implemented this algorithm
on over thousands of elliptic curves over Q; the code is available online [18]. Dokchitser—
Dokchitser also implemented algorithms for working with the Galois representations attached
to elliptic curves over local fields in Magma [5] by reconstructing representations from their
(good) Euler factors [24] and a tame local reciprocity formula of Newton [32]. This implemen-
tation does not compute the inertia field (necessary to distinguish the types). Our method
of listing types can also be used to algorithmically enumerate all 2-dimensional inertial types
by increasing conductor; however, most of the effort in this paper is spent identifying which
types arise from elliptic curves.

1.3. Outline. The paper is organized as follows. In sections 2—3, we establish background
by briefly reviewing some facts concerning 2-dimensional Weil-Deligne representations, in-
ertial types, and elliptic curves. In Section 4, we compute types in the case of potentially
multiplicative reduction for all primes p and for additive, potentially good reduction for
p > 5. The remainder of the paper is concerned with additive, potentially good reduction
first for p = 3 (Section 5) then p = 2 (sections 6-7 for the nonexceptional and exceptional
cases).
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(550029) and would like to thank the Henri Lebesgue Center for its hospitality during the
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September 2019.

Freitas is grateful to Max Planck Institute for Mathematics in Bonn for its hospitality and
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2. TWO-DIMENSIONAL WEIL-DELIGNE REPRESENTATIONS

In this section, we quickly recall background on Galois representations of local fields
and types. Our main references are Tate [38], Rohrlich [34], Carayol [11], and Bushnell-
Henniart [8].

2.1. Notation. A (complex) quasicharacter of a topological group G is a continuous homo-
morphism x: G — C* with open kernel; if further |x(g)| = 1 for all ¢ € G, we call x a
(unitary) character. If x: G — C* is a (quasi)character and ¢: G — G’ is a continuous
group homomorphism, we say that y factors through ¢ if there exists a (quasi)character
X1 G — C* such that x =y’ o ¢.

Remark 2.1.1. Throughout, one can equally well replace C with any algebraically closed field

of characteristic 0, for example an algebraic closure of Q, with £ # p.
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Let p be prime and let F' 2 @, be a finite extension with algebraic closure £ and maximal
unramified extension F'" C F®. Let Op C F be the valuation ring of F' with maximal ideal
p, uniformizer m € p, and residue field k£ of cardinality q := #k. Let v: F’* — Z denote
the valuation of F' normalized with v(7w) = 1, and let |-|,: F* — RZ, be the associated
normalized absolute value. Let Wr < Gal(F® | F') be the Weil group of F and Ip < W its
inertia subgroup, fitting into the exact sequence

(2.1.2) 1l—=Ip - Wpr—>7Z-—1.

For F' = Q,, for brevity we replace F' by p in the subscript, e.g., writing I, < W),

Let W;b denote the maximal abelian quotient of Wy and let Artp: F* = W;ib be the
Artin reciprocity map from local class field theory, the isomorphism of topological groups
sending m € Op to the class of a geometric Frobenius element Fr € W2 characterized by
Fr(z?) = z for x € k. The map Artp allows us to identify a (quasi)character x of Wy with
the (quasi)character x* := y o Arty of F'*, and conversely. The conductor of y is the ideal
cond(x) = p" where condexp(x) := m € Zx is conductor exponent, the smallest nonnegative
integer such that the restriction x*|;1ym to 1+ p™ < Of is trivial. Let w: Wr — C* be
the quasicharacter corresponding to the norm quasicharacter |-|,, so that w(g) = ¢~ for
gl = Fr® with a € Z.

Definition 2.1.3. A (n-dimensional) Weil-Deligne representation is a pair (p, V) such that:

(i) p: Wr — GL,(C) is a homomorphism with open kernel; and
(ii) N € GL,(C) is nilpotent and satisfies

(2.1.4) p(g)Np(g) ' =w(g)N forall g € Wp.

An isomorphism (or equivalence) of Weil-Deligne representations from (p, N) to (p/, N') is
specified by an element P € GL,(C) such that p'(g) = Pp(g)P~! for all ¢ € Wr and
N = PNPL

Remark 2.1.5. The nilpotent element N comes from the fact that there exists an open

subgroup H < I such that p|y is unipotent; below, we will usually have N = 0.

2.2. Classification. Every 2-dimensional Weil-Deligne representation arises up to isomor-
phism from one of the following three possibilities.

e Principal series. Let x1,x2: Wr — C* be quasicharacters such that y;x,' # w®l.
The principal series representation associated to x1, x2 is (PS(x1, x2),0), where

PS(x1,x2) == X1 D Xe-
Its conductor exponent is given by
(2.2.1) condexp(PS(x1, x2)) = condexp(x1) + condexp(x2).

e Special or Steinberg representations. Let x: Wrp — C* be a quasicharacter. The
special or Steinberg representation associated to x is (St(x), V), where

(2.2.2) St(x) ==xw®x and N = (8 é) ,
We have
2 if vi ified:
(223) CondeXp(St(X)) = Condexp(X)’ X 18 I:aml eda
1, otherwise.



e Supercuspidal representations. The Weil-Deligne representations (p,0) where p is
an irreducible 2-dimensional representation of Wp are called supercuspidal. Super-
cuspidal representations are classified by their projective images in PGLy(C) (see
Bushnell-Henniart [8, sections 41 and 42| or Carayol [11, section 12]). We say that
a supercuspidal p is nonexceptional if its projective image is dihedral, otherwise we
say that p is exceptional; in the latter case p has projective image A, or Sy. (Since
W is totally disconnected, the projective image As cannot occur.) Alternatively,
the nonexceptional representations are also called imprimitive and the exceptional
representations are called primitive.

2.3. Nonexceptional supercuspidal representations. Since they will command signif-
icant attention here, we explore supercuspidal representations further. We begin with the
nonexceptional supercuspidal representations.

Let K D F be a quadratic extension and let ¢y : Wp — {£1} be the quadratic character
of Wr with kernel Wy. Let x: Wx — C* be a quasicharacter and consider the associated
quasicharacter y*: K* — C*. Let s € W be a lift of the nontrivial element in Gal(K | F').
Since Wx < Wp is normal (with s representing the nontrivial coset), the s-conjugate of x

Xsi Wk — C~
x°(9) = x(s7'gs),

is independent of the choice of s. By local class field theory, we have (x*)* = x* o s.

(2.3.1)

Lemma 2.3.2. The following are equivalent:

(i) x* = x;
(ii) s(z)/x € ker x* for all z € K*; and
(iif) x* factors through the norm map Nmpp: K* — F*.

Of course, since K* is generated by 7 (for any choice of uniformizer ) and OF, it is
enough to check (ii) for z = 7 and all x € OF.

Proof. For (i) < (ii), we observe
Y=x < )4 =xz) forallze K*
(2.3.3) & xMs(z)/r)=1 forallz € K*
& {s(@)/r:x e K*} <kerx*.
For (ii) < (iii), we recall that ker(Nmgp) = {s(x)/x : x € K*} by Hilbert’s Theorem
90, so (ii) holds if and only if x* factors through the surjective norm map Nmgp: K* —

Nmg p(K*). But of course Nmyp(K*) < F* is open of finite index, so 6" extends to a
quasicharacter §: F* — C*, and we see that (ii) < (iii). O

We record the following consequences.

Corollary 2.3.4. The following statements hold.
(a) If x*(—1) = —1 then x* does not factor via the norm map.
(b) Suppose OF < kerx™. Then x* factors through the morm map if and only if
XA (s(m)/7) =1 and XA|O;<( is quadratic.
(c¢) The character (XS/X)A factors through the norm map if and only if x*/x is quadratic.
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Proof. For (a), if x* = 6 o Nmgr then x*(—1) = 6((—1)?) = 1. For (b), we apply the
equivalence (ii) < (iii) of Lemma 2.3.2. For u € O, by hypothesis we have
X (s(u) /u) = x* (Nmgp(u)/u?) = 1/x* (u)?

so s(u)/u € ker x* if and only if x*(u)? = 1. Thus s(z)/z € ker x* for all x € K* if and
only if y*(s(r)/7) = 1 and (XA|OIX{)2 is trivial, i.e., XA]O;{ is quadratic.

For (c), we apply the equivalence (i) < (iii): so (x*/x)" factors through the norm map if
and only if (x*/x)* = x*/x. But (x*/x)* = x/x* = (x*/x) "', so the condition holds if and
only if x*/x = (x*/x) ! if and only if x*/x is quadratic. O

Suppose that xy # x°. Then the nonexceptional supercuspidal representation attached to x
is (Ind%f{ X, 0), the induction of x from Wx to Wg (with N = 0). (The condition x # x° is
necessary to ensure that Ind%f{ X is irreducible.) Recalling that ¢k is the quadratic character
of W corresponding to K, we have the following formula (see Serre [35, VI Proposition 4|):

2 condexp(x), if K| F is unramified;

2.35 dexp(Indjj” ) =
( ) condexp(Indyy; x) {Condexp(x) + condexp(vk), if K|F is ramified.
We conclude with a few simple lemmas.

Lemma 2.3.6. If \*|r, = x ‘1., then (X*/X)|1, has order dividing 2 if and only if |1,
has order dividing 4.

Proof. Indeed, we have (x*/X)|1x = X 2|1x- O
Lemma 2.3.7. Let 0 := det(Ind%f{ X). Then
0% = X s
In particular, if § = w then Yvx™|px = |- |, and
XPox = Vklox  and Xl = x i
Proof. We have [8, §29.2] (with d =2, m = 1)
(2.3.8) = det(Indy” x) = ¥ - (X © Verw,(wy )

where very,|w, is the transfer (or Verlagerung) map, fitting in the fundamental commutative
diagram from local class field theory:

o
(239) jverWFWK
K% fa(b
(The equality (2.3.8) can also be verified in this case by a direct calculation.) Thus
(2.3.10) 6A = PR px.

In particular, we have § = w if and only if §* = ¥&x*|rx = |- |,. When § = w,
since Yk is quadratic we have XA|(9; = (¢I}1)A|O; = ¢;‘}|O;; and as in Lemma 2.3.2 we have

(x*x)* =x"o Nmyp so restricting to O gives x*|r, = X |- O
7



Exceptional supercuspidal representations. The remaining supercuspidal representa-
tions are exceptional. A supercuspidal Weil-Deligne representation p: Wr — GLy(C) is
called exceptional (or primitive) if the image of the projective representation Pp is isomorphic
to A4 or Sy. Exceptional representations only exist in residual characteristic p = 2, so sup-
pose that p = 2. We will also use the following characterization. For p supercuspidal, let
J(p) be the group of characters £: Wr — C* such that p ® £ ~ p.

Proposition 2.3.11. Let p be a supercuspidal Weil-Deligne representation. Then p is ex-
ceptional if and only if #3(p) = 1.

Proof. See Bushnell-Henniart [8, §41.3]. O

This characterization also refines the imprimitive case, as follows. We write D,, for the
dihedral group of order 2n and C, for the cyclic group of order n.

Proposition 2.3.12. Let p = Ind%f< X be an imprimitive representation, where K O F' is
a quadratic extension and x: Wx — C* a character such that x* # x. Then the following
statements hold:

(a) #3(p) = 2 if and only if p is induced from a unique quadratic extension K O F.

(b) #3(p) = 4 if and only if p has projective image isomorphic to Dy >~ Cy x Cy and can
be induced from three distinct quadratic extensions if and only if x°/x factors through
the norm map.

Proof. See Bushnell-Henniart |8, §41.3, Corollary| and Gérardin |27, Section 2.7]. O

Following Propositions 2.3.11 and 2.3.12, we say that a supercuspidal representation p is
primitive, simply imprimitive, or triply imprimitive according as #J(p) = 1,2, 4.

Proposition 2.3.13. Let p be a primitive representation.

(a) There exists a cubic extension L|F such that plw, is imprimitive.

(b) If L| F is cubic Galois, then the representation plw, is triply imprimitive.

(¢) If L| F is cubic non Galois, let M | F be the normal closure of L|F and E|F the
mazximal unramified sub-extension of M | F. Then, the representation plw, is simply
imprimitive, plw,, is triply imprimitive, and plw, is primitive.

Proof. See Bushnell-Henniart [8, §42.2, Theorem, p. 258|. O

Let L O F be a (tamely) ramified cubic extension, and let M O L be a ramified quadratic
extension. (The condition that M is ramified over L is indeed necessary [8, §42.1, Proposition,
p. 257, part (1)].) Let x be a character of Wy, such that x* does not factor through the
norm map Nmyy .. Given the data (L, M, x), by Bushnell-Henniart [8, p. 261| there is a
exceptional supercuspidal Weil-Deligne representation (p,0) such that

(2.3.14) plw, = Indj* .

Conversely, every exceptional supercuspidal representation is uniquely determined by such

a triple (L, M, x), up to equivalence |11, Lemme 12.1.3|.
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2.4. Inertial types. We now study the restriction to inertia. An inertial Weil-Deligne (or
WD-)type is an equivalence class [p, N| of Weil-Deligne representations (p, N) under the
equivalence relation (p, N) ~ (p/, N’) if and only if there exists P € GLy(C) such that
p'(g) = Pp(g)P~" and N’ = PNP~! for all g € Ir. The content is in the restriction to
g € Ip; we might think of this as being an equivalence of Weil-Deligne representations
over F". Such an equivalence class is determined by the pair (7, N) where 7 = p|r,. is the
(common) restriction to I for a WD-type, with the evident notion of equivalence, so this
definition agrees with the one given in the introduction. Except for the special (Steinberg)
representations we have N = 0, so (aside from Section 4.1) we drop N from the notation
and write simply 7. The representation p is unramified if and only if 7 is the trivial inertial
type, defined by 7(g) = 1 for all g € Ip.
We record the following classification of all inertial WD-types.

Proposition 2.4.1. Let 7: Ir — GLy(C) be a nontrivial inertial WD-type. Then ezactly
one of the following holds:

i) 7 is the restriction of a principal series, i.e., there exist x1,x2: Wr — C* such that
(i) princip , de., X1, X

T >~ PS(x1, X2)|1p = X1l1p @ X2l1p:

(ii) 7 =~ St(x)|1, is the restriction of a special series for x a character of Wg;
(iii) There exists a character x: W — C*, where K D F is the unramified quadratic
extension, such that x # x° and

T= (Indmw/f( X)lfF = X‘IF D XS’IF;

(iv) There exist a ramified quadratic extension K O F and a character x: Wx — C*
such that |1, # X°|1, and

T= Indﬁ; <X|IK)

18 1rreducible; or
(V) T is the restriction of an exceptional supercuspidal Weil-Deligne representation.

Proof. For (i)—(iv), see Breuil-Mézard |7, Lemme 2.1.1.2, Théoréme 2.1.1.4] and for (v) see
Bushnell-Henniart [8, §41 and §42. O

By Proposition 2.4.1, the classification of Weil-Deligne representations in the previous
section remains well-defined on inertial types, and so we may accordingly say [p, N] is principal
series, special, or (nonexceptional or exceptional) supercuspidal.

2.5. Notation. We conclude this section with the notation we will use throughout, in one
place for convenience.

e The trivial (2-dimensional) type is denoted Ty
o We write £4: I, — C* for the character associated to the (ramified) quadratic exten-
sion Qp(\/a) of discriminant d € Z, (more precisely, d € Z,/ Z;z).
e We write 7s;,, to denote the special (Steinberg) type (2.2.2) (not including the nilpo-
tent monodromy operator N in the notation); in all other cases, N = 0.
e To identify the nonexceptional supercuspidal types, we use the notation
W,

o Qp
(251) TSC,p(d7 f’ T)J T (Indw@p(\/&> X(d,fﬂ”)) |IP
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and for the principal series types we use

(252) Tpsap(17 f’ r) = X(17f77')|]p @ X(_l%f,’l‘)|lp

where:
— d is the discriminant of K := Q,(v/d), with [K : Q,] < 2;
—forp # 2, let u € Z) ~ Z;Q be a nonsquare, so Q,(y/u) is the unramified
quadratic extension of Q, (having discriminant w);
— X(d,fr): Wk — C* is a character, where:
« [ is the conductor exponent of the character y (as a power of the maximal
ideal in the ring of integers of K);
x 1 is the order of the character x on the inertia subgroup Ix C Wg; and
% 7 is an additional label (only needed for p = 3, see Table 3).
e For p = 2, two exceptional (octahedral) representations 7ey 2; for i = 1,2 are explicitly
given (see Section 7.2).

3. BACKGROUND ON ELLIPTIC CURVES

In this section we organize some facts about elliptic curves and provide a few preliminary
results on their inertial types. Throughout this section, let £ be an elliptic curve over the
p-adic field F', and let Ng be the conductor of F.

3.1. Inertial types. We begin by defining a Weil-Deligne representation (pg, N) attached
to E: for complete details, we refer to Rohrlich [34, §4 and §13-15|. We start with the
representation pg,: Gal(F® | F) — GLy(Qy) defined by the action of Gal(F® | F) on the
étale cohomology group HY (E xp F® Q) ~ Z? for some prime ¢ # p. We may also work
dually with the (-adic Tate module, via the isomorphism

(3.1.1) To(A) = lm E[("] ~ Hy(E xp F*,Qq)".

The determinant of this representation is the cyclotomic character; so in the principal series
case we have Y2 = ;' - |- |r and in the supercuspidal case, Lemma 2.3.7 applies.
Next, we consider two cases.

e If F has potentially good reduction, then pg¢(Ir) has finite order. We take N =0
and pp is obtained by extension of scalars of the restriction pg ¢|w, via an embedding
t: Qp — C; the C-equivalence class is well-defined, independent of choices. (See also
Remark 2.1.1.)

e Otherwise, E has potentially multiplicative reduction, and so pg(Ir) is infinite.
Then E obtains split multiplicative reduction over an at most quadratic extension
K. Let x be the at most quadratic character of Wy attached to K. Then we take

N = (8 é) and pg = St(x) the Steinberg representation attached to x.

In either case, we define the inertial WD-type 7 of E to be the equivalence class 7 =
[pE, N| as defined in Section 2.4. Finally, we note that the conductors of pg, and 75 are both
equal to Ng, the conductor of E (see e.g. Rohrlich [34, §18] or Darmon-Diamond—-Taylor
[17, Remark 2.14]).

Ezxample 3.1.2. If F already has good reduction over F', then 7z is trivial.
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Ezample 3.1.3. For a ramified quadratic extension Q,(v/d) 2 @, of discriminant d, let E,
be the quadratic twist of £ over Q, by d. Then 75, >~ 75 ® g4, and the nilpotent operator
N remains unchanged as the finiteness of the image of inertia is presrved under quadratic
twist.

The following summarizes the well-known possibilites for N in the case ' = Q,.

Lemma 3.1.4. Let E be an elliptic curve over Q,. Then

2, ifp=5
0 <ord,(Ng) < {5, ifp=3;
8, ifp=2.
Moreover, if E has additive reduction then ord,(Ng) > 2.
Proof. See e.g. Silverman [37, Theorem IV.10.4]. d

Remark 3.1.5. Elliptic curves defined over ramified extensions of Q3 or Q3 may have con-
ductors whose valuations are higher than those given by Lemma 3.1.4.

3.2. Potentially good reduction. In this section, suppose that £ over F' has potentially
good reduction, and let 7 = 75 be its inertial type (with N = 0). In this section, we set up
some preparatory facts needed in the sequel.

Let m € Z>3 be coprime to p, and let L := F""(E[m]). The extension L is independent
of m (see Serre-Tate |36, §2, Corollary 3|) and it has two other equivalent descriptions:

e [ is the minimal extension of F"™ where E achieves good reduction; and
e [ is the fixed field of ker 7.

We call L the inertial field of E. Write ® := Gal(L | F") and define the semistability defect of
E to be e =ep := #®. The field L is the compositum of F™™ by a minimal totally ramified
extension of I of degree e where E obtains good reduction (though this extension need not
be Galois over F'), so this definition agrees with the one in the introduction.

The semistability defect can be computed as the ramification degree of Q,(E[m]), realized
using division polynomials.

The following describes the possibilities for ®.

Lemma 3.2.1. Exactly one of the following possibilities hold.
(i) ® is cyclic of order 2,3,4,6;
(ii) p=3 and ® ~7Z/3 X Z/4 is of order 12;
(iii) p =2 and ® ~ Qg is isomorphic to a quaternion group of order 8; or
(iv) p=2 and ® ~ SLy(Fs3) is of order 24.

Proof. See Kraus [28, pp. 354-357]. O

Corollary 3.2.2. Let p > 5 and suppose E has p* | Ng. Then the semistability defect e is
the smallest integer e € {2,3,4,6} such that E obtains good reduction over Qu(/p).

Proof. We are in case (i), so ® is cyclic and the inertial field is tame so given by Q" (/p);
but good reduction is invariant under unramified extensions, so it suffices to check over

@p(\e/ﬁ)' U

The above lemma crucially restricts the possibilities in the ramified case, as follows.
11



Corollary 3.2.3. Suppose 7 ~ Indﬁf< (X|1) where K D F is a ramified quadratic extension

and x: Wix — C* is a character that does not factor through the norm. Then either p = 2
or (p=3and e =12).

Proof. 1If p > 5, then by Lemma 3.2.1, ® is cyclic, and so 7g is reducible. But by Propo-
sition 2.4.1(iv), 7g is irreducible, a contradiction. If p = 3, then we must have case (ii) in
Lemma 3.2.1. U

Now suppose that F' = Q,. The next lemma already determines 7 in the first nontrivial
case.

Lemma 3.2.4. Suppose E over F' = Q, has semistability defect eg = 2. Then T is principal
series, and the following statements hold.

(a) If p > 3, then N = p* and T ~ Ty @ €.
(b) If p=2, then Ng = 2%,2% and

: _ o4,

) Tuiv®€_a, if Np =27
TE = . 6
Tiriv @ €48, of Ngp = 2°.

Proof. The hypothesis that e = e = 2 means that there exists a ramified quadratic extension
Q,(vVd) 2 Q, such that the quadratic twist F, (as in Example 3.1.3) has good reduction
(see e.g. Freitas—Kraus |26, Lemmas 3-4|) and therefore the inertial type 7g, is trivial. Thus

T~ Tg, ®&q ™ Tuiv ® €4 =~ PS(Xa; Xa)l1,

is principal series. We have d = p if p > 3; if p = 2, we have d = —4,4+8. The claim on the
conductor follows from ord,(Ng) = condexp(7) = 2 cond(x4) by (2.2.1). O

At the other extreme, we conclude this short section with a preliminary step in classifying
exceptional supercuspidal types arising from elliptic curves over Q; these will be given
explicitly in Section 7.

Lemma 3.2.5. Suppose F' = Qo and E has potentially good reduction. Then Tg is excep-
tional supercuspidal if and only if e = 24.

Proof. Suppose T is exceptional. We look at the group structure of the image of the projective
representation obtained by postcomposing with GLy(C) — PGL2(C). By Bushnell-Henniart
[8, Section 42.3|, we must have semistability defect e > 12, so in fact e = 24 by Lemma 3.2.1.

Conversely, suppose e = 24, and let pgs: Wy — GL2(Qs) and psy: Wo — GLy(F3) re-
spectively be the 3-adic and mod 3 Galois representations associated to E, restricted to the
Weil-Deligne group Ws. By Dokchitser—Dokchitser |22, Lemma 1], there is an unramified
twist of pg 3 factoring through the Galois group of K := Q2(FE[3]) (over Q2), so the images
of the projective representations Ppgs: Wo — PGL2(Qs) and Ppy: Wo — PGLy(F3) are
isomorphic as abstract groups. By hypothesis and Lemma 3.2.1, 7 is irreducible with image
isomorphic to ® ~ SLy(F3), so p3(Ws) = GLy(F3) and p; is surjective [22, Table 1|. Thus
Ppg s has image isomorphic to PGLy(F3) >~ Sy, so prs (extended to GLy(C)) and hence 7g

is exceptional supercuspidal. 0]
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4. INERTIAL TYPES: UNIFORM CASES

We now embark on an explicit and complete description of the inertial types arising from
elliptic curves over Q,. In this section, we treat two cases where the answer is close to
uniform in p: potentially multiplicative reduction and p > 5. Throughout, we use the
notation collected in Section 2.5.

4.1. Potentially multiplicative reduction and special types. We begin with a general
result on inertial types for elliptic curves with potentially multiplicative reduction. These
are the only types with a nonzero nilpotent operator as in Section 3.1.

Proposition 4.1.1. Let E be an elliptic curve over Q, with potentially multiplicative reduc-
tion, conductor Ng, and inertial type 7. Then the following statements hold.

(a) If E has multiplicative reduction (over Q,), then Ny = p and T =~ Ty, is special.
(b) Suppose E has additive (but potentially multiplicative) reduction. Then p* | Ng, and
TE 18 special. Moreover:
(i) If p > 3, then Ng = p? and 1 ~ Tsp ® &p.
(ii) If p=2, then Ng = p* or Ng = p°, and

~ 4.

S ® €_4, if Ng = p*;
ol - 6
Tot,2 @ €48 OT Tgp 2 ® €48,  4f Ngp = p°.

Proof. We recall from Section 3.1 that pp = St(x) and 7 = 75 = St(x)|;, for some quadratic
character x of W,

In part (a), we have Ny = cond(7) = p and by the conductor formula (2.2.3) it follows
that y is unramified; in this case,

(4.1.2) 7= (x@St(W)lr, = xlr, @ St(D)]r, = St(D]1, = Tst,p-

We turn to part (b). We have p? | Ng, and formula (2.2.3) gives Ng = cond(7) = p*™, so
X is ramified with cond(x) = p™. If p > 3, then any quadratic character x: W, — C* has
conductor p and satisfies x|;, = €,. Thus Ng = p? and 7 ~ 7g; , ®¢,,, proving (i). Otherwise,
we have p = 2, and the possibilites are x|;, = e_4, e1s of conductors 22, 2%, proving (ii). O

4.2. Inertial types for p > 5. The preceding section treated all cases of potentially mul-
tiplicative reduction, so for the rest of this paper we turn to the case of potentially good
reduction. In particular, N = 0. Here we treat the case p > 5.

Let e € Z>3 and (. := exp(2mi/e). We define the following characters:

(1) Ife | (p—1), let x(1,1,¢): @ — C* be of conductor pZ, defined on the units (inertia)
by Xx@1,1,e)(u1) = ¢ where u; € Z) generates (Z,/pZy,)*.

(2) Ife | (p+1), let K := Q,(y/u) where u is a quadratic nonresidue modulo p, and define
X(u,e): K* — C* of conductor pOk defined on the units (inertia) by x(u,1,¢)(u2) = (e
where uy € OF generates (Ok /pOf)*.

Following the notation in Section 2.5, we define the types 7,5 ,(1, 1, ) and 7 ,(u, 1, €) using
the characters x(1,1,¢) and x(u,1,¢), respectively.

Proposition 4.2.1. Let p > 5. Let E be an elliptic curve over Q, with additive potentially
good reduction, semistability defect e > 3, and inertial type 7. Then the following statements

hold.
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(a) If e | (p — 1), then T =~ Tps,(1, 1, €) is principal series.
(b) Ife| (p+1), then T =~ Ty p(u, 1, €) is supercuspidal.

Proof. Lemma 3.1.4 implies that 7 has conductor p?, and Lemma 3.2.1 shows that the image
of 7 is cyclic of order e = 3,4,6. From the classification in Proposition 2.4.1, 7 is reducible
with finite image, hence it is either principal series or nonexceptional supercuspidal induced
from the unramified quadratic extension K = Q,(y/u) of Q,.

Suppose that 7 is principal series. Then, 7 = x|;, @ x '|;,, where x is a character of W, of
conductor p and order e. To ease notation we write x also for x*. Thus, | 1, factors through
(Zyp/pZy,)* =~ F) a cyclic group of order p — 1, s0 e | (p —1). Let u; € Z) be as above. We
have x(uy) = (¢ = exp(2mic/e) with ged(c,e) = 1. Since e = 3,4,6, we must have ¢ = +1
(mod e), so x|, = X?Lih,e) and either choice gives 7 >~ 7,5,,(1, 1, e).

To finish, suppose 7 is supercuspidal, obtained by induction of a character xy of Wy of
order e on Ig. Since 7 has conductor p?Of, it follows that y* viewed as a character of K * has
conductor pOk. Moreover, by Lemma 2.3.7, we have 7 = x|, & x |1, and XA|Z; =1(as K

is unramified over Q). Now x|, factors through (O /pOx)* ~ F, therefore e | (p* —1) =

(p+1)(p—1). Let ug € OF be as above. Then u5™" generates (Z,/pZ,)* < (Zy2/pZy)*.
The condition x|zx = 1 implies that e | (p+1). We thus have x(u2) = (¢ and similarly to the

previous paragraph we must have x|, = X(il and either choice gives 7 ~ 7 p(u, 1,¢). O

u,1,e)

5. INERTIAL TYPES FOR p = 3

In this section, we treat the case p = 3; see Breuil-Conrad-Diamond—Taylor [6] for the
application of these types to the modularity of elliptic curves.

5.1. Setup. Throughout this section, we let K := Qg(\/a) where d = +1,43: when d = 1
we have K = Q3. Let Ok be the valuation ring of K and p its maximal ideal. When K # Qj,
let xq: W3 — C* be the quadratic character associated to K and let s € W3 be a lift of
the nontrivial element of Gal(K |Q3). Recall (Section 2.5) that e 1 = x_1|, is trivial (the
extension Q3(y/—1) 2 Q3 is unramified) and e3 = 3|7, is the unique nontrivial quadratic
character of I3. We have cond(e3) = 3. For d = —3, let & = (1 +/=3)/2 € K (to help
distinguish it from roots of unity in C*).

We begin with basic structural results concerning unit groups. Let f = p/ with f > 1, and
let (¢) = Z N § where ¢ = 3™ for some m > 0. We have seen throughout the above that the
norm map plays an important role. Write

N = N, - (O /D" — (Za/)"

for the norm map (the identity when K = Q3). We also use the following abbreviation for
its image after embedding it back (Z3/q)* — (Ok/f)*:

L if K = Qs;
(5.1.1) Uy = {Nm((@K/f)X), otherwise.

Lemma 5.1.2. Table 2 gives the structure and explicit generators for the groups U; and
(O /1)*/Us, respectively.
14



kK _Jali| s | U | (O /1) /U]
Qs 1@ ] =1 - (~4)~12/(2-37")
QWD) | 1| | >1 | (4=2z/2 3 Vo1+2)=Z/d-3))
Q3(v3) | 3 || p/ | =1 (4y~ z/(3L/=D/2]) (V3—1)~17/(2-3L//2)
1,2,3 | (4)~z/(3W~/2] €6 — 3V~ 7/(2 - 3L/
/=) | =5 v >4 §4i2 Z;E;;L(f—l)/%; (—&6) x 256 - 3;2 Zfé x 7./(2 )3L(f 2)/2])
TABLE 2. Group structure of U; and (Ok /f)* /U;

For our main result, we only need the description in the last column of this table for
finitely many values of f, which can be computed directly: the code is online [18]. Still, we
thought it was interesting to show the uniformity in the description.

Proof. The case K = Q3 is elementary, so we suppose [K : Q3] = 2.

We first compute the column U;. The group (Zsz/q)* is cyclic; and the image of the norm
at least contains the subgroup of squares of index 2 generated by 4, with the nontrivial coset
represented by —1. By Hensel’s lemma (solving the equation Nm(xz 4+ yv/d) = 2 — dy?® = ¢),
the image of the norm contains —1 if and only if it does so modulo 3 if and only if K is
unramified over Q3. The order of the cyclic quotient group is determined by computing
p/ NZ, in the three cases.

We now treat the final column. First, we computed [18] elements of small height whose
images generate (O /f)*/U; for the small conductors and the structure of this group in
Magma. To finish, we follow ideas of Cohen [13, Proof of Theorem 4.2.10, Corollary 4.2.11].

We explain this in the hardest case K = Q3(y/—3); the other two rows follow similarly
(and a bit more easily). We prove that 4, —&s, £ — 3 generate (Og /f)* for all f > 4. We
first compute this for f =4 and we also calculate that

(5.1.3) 43 (& — 3)° generate the group (1 +p*)/(1 + pp?) ~ O /(3) ~Z/3 x Z/3.

Next, for f > ord,(p)/(p — 1) = 1, the p-adic logarithm gives an isomorphism log: 1+ p/ =
pf ~ Zf). So for f = 4 we have by Nakayama’s lemma topological generators for 1+ p/ hence
generators for (1 + p*)/(1 + pf) as well. We finish from the exact sequence

1= (1+pY)/A+p)) = (0g/p?)* = (Ok/p*)*

our elements give both the subgroup and the quotient group, so they generate (O /p/)*.

To finish, we compute the group structure of the quotient for f > 4. Of course —&g has
order 3, so what remains is to compute the order of & — 3; but it generates the further
quotient by —&g which is cyclic, so its order is

(5.1.4) [(Or /)~ : Uf<_§6>] —9 .pf*2*L(ffl)/2J —9 .pL(ffZ)/ZJ
as claimed. ]

Remark 5.1.5. From the last column of Table 2, we see that for K = Q3, Q3(+/—1) or
Qs(v/3), the quotient (Ok /f)*/U; is a cyclic group. So the canonical projection

(Ox/5)"/U; - Ok /1) /Uy,

5



when § | f, behave as expected. For K = Q3(1/—3), however, this is not quite the case.
Indeed, in that case, the quotient (O /f)*/U; is no longer cyclic for f large enough. In
particular, when § = p* and § = p3, the projection

m: (Ok /1) /Us = (Ox [§)* /Uy

sends —& > (& — 3)? (mod §) and & — 3 — & — 3 (mod ). So m(—&) # 1, as one might
be tempted to think from the description of the groups involved.

Corollary 5.1.6. Let x: W3 — C* be a nontrivial quadratic character. Then x*(4) = 1, and
X = e_1 if and only if x*(—1) = 1. In particular, x is ramified if and only if x*(—1) = —1.

Proof. By the first row of Table 2, for x quadratic we must have y*(4) = 1 and so by local
class field theory we have y*(—1) = 1 if and only if y is unramified. ([l

Corollary 5.1.7. Let x: W — C* be a character with K ramified and U; < ker x*. Then
condexp(x) is even.

Proof. One way to prove the corollary is just to observe that this follows from properties of
the floor function, applied to the last column of Table 2.

Alternatively, here is a more satisfying argument which holds for odd p and K/Q, quadratic
ramified. Consider the natural projection 7: (Ok/pf)* — (Ok/p’™')*/Uys-1. Suppose
f = condexp(x) is odd. We claim that this map has kernel U,s; the result follows, as then x
factors through (O /pf~')*/U,s-1, which contradicts the definition of conductor exponent.
By compatibility we have ker m > Uy, so we show the other inclusion. To that end, suppose
that m(u) = Nm(u') € Uy-1. Lifting v’ to (O/p/)* arbitrarily, we get u/Nm(u') =

1+ \/Ef_lul for some u; € O /p = Z/p. But f is odd, so Nz L= Z,; but then

Nm(1 + \/Efilul/2) = (1+dY Y24, /22 =1+ dY Y2y (mod pf)
as desired. O

5.2. Result. Returning to the classification in Proposition 2.4.1, and recalling that we have
already treated the case of potentially multiplicative reduction in Proposition 4.1.1 and that
the exceptional case only happens for p = 2, in this section we classify the inertial types
for elliptic curves over Q3 with potentially good reduction, giving principal series (d = 1) or
(nonexceptional) supercuspidal (d = —1,43) and associated to a character as in (2.5.2) and
(2.5.1), respectively.

Recall our attempt at uniform and informative notation: we write our character of Wy
as X(d,f,r), where K has discriminant d, with r the order when restricted to Ix and f the
conductor exponent. We work explicitly with such characters, taking values in C* in terms
of roots of unity denoted (; := exp(2mi/k) for k > 1. For the purposes of the restriction of
inertia, we only care about X(q4 sr)|1,, 50 to spell out the type we will describe X& fjr)|(9}><(.

By definition of conductor exponent, this restriction then factors through (O /f)* where
f = p’/, so can be given on generators as in the previous section.

e In the principal series case, U; is trivial by definition.
e In the supercuspidal case, we are in the situation of Lemma 2.3.7, which reads
A
(5.2.1) X(d,f,r)|z; = &a-

So by local class field theory, Us < ker X& )
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K ‘ d H f ‘ f H r ‘ values of y on generators H T ‘ condexp(T)
Qs 1 3223 (3 Tps,3(1,2,3) 4
— | L) 4 Ga Toes(—1,1,4) 2
it I (3223 (s Toe3(—1,2,3) 4
Q:’,(\/g) 3 p2 216 Co Tee3(3,2,6) 3
— | || P [2]|6 Go Tees(—3,2,6) 3
Q3(v/=3) | =3 o 216 d, g ren(8.4.6), = 0.1.2) -

TABLE 3. Nonspecial inertial types for Qs

In either case, we may specify the character by its values on the generators of (O /f)*/U;
given in Table 2. In all cases but the last row of this table, the character is uniquely
determined by the data (d, f,r) (up to Galois conjugation), sending the designated generator
to (.. For the last row, we will write x(_34¢),; to be the character which takes the values

X(=&) = ¢ and x(& — 3) = —¢} " for j = 0,1,2. We summarize this data in Table 3.

Proposition 5.2.2. Let E be an elliptic curve over Qs of conductor Ng and inertial type
Tg. Suppose that E has additive, potentially good reduction and semistability defect e > 3.
Then g is given by one of the following cases:

(a) If Np = 3%, then e = 4 and Tp ~ Ts.3(—1,1,4).

(b) If Ng =33, then e = 12 and Tp ~ 7. 3(3,2,6) or 7o ~ Ts.3(—3,2,6).

(c) If Ng = 3%, then e = 3,6, and:

(1) If e =3, then T ~ Ts3(1,2,3) or 7p >~ Tee3(—1,2,3);
(ii) If e = 6, then Tp ~ Tys3(1,2,3) ® 3 or 75 ~ Tscg( 1,2,3) ® e3.
(d) If Ng = 3°, then e = 12 and 75 =~ Tu3(—3,4,6); with j = 0,1,2.
Proof. We drop subscripts, writing e.g. 7 = 7. We have N = 3* with 2 < k = condexp(7) <

5 by Lemma 3.1.4.

We begin with (a), and suppose k = 2. Then we are in the case of tame reduction, and
® is cyclic of order e = 4 by Lemma 3.2.1. We cannot have 7 principal series, since then
7 =~ x|, ® x 7|1, with x a character of W3 of conductor exponent 1 and order 4, which does
not exist. So 7 must be (nonexceptional) supercuspidal. Since e =4 | (3 + 1), we conclude
that 7 ~ 7, 3(—1,1,4) by a similar argument as in the proof of Proposition 4.2.1(b).

Next, we prove part (b) and (d) and suppose k = 3 or k = 5. Since k > 1is odd, by (2.3.5),
T is obtained by induction of a character y from a ramified quadratic extension K D Q3 with
d = +3 and m = condexp(x) + v3(d) = condexp(x) + 1. In particular, we are in case (iv) of
Proposition 2.4.1: 7 is irreducible and in this case it is necessary and sufficient for (x|, )*
not to factor via the norm. Hence, e = 12 by Corollary 3.2.3. This gives three cases:

e Suppose k = 3, so condexp(y) = 2. By Lemma 5.1.2, we have
(Ox [9*)* U = (u) = Z/6,
where u = v/3—1for d = 3 and u = & — 3 for d = —3. Since x is primitive with
condexp(y) = 2, we must have x(u) = +¢3 with j = 1,2. Applying Corollary 5.1.6
to x|zx = €4 we conclude that x(—1) = —1 and hence x(u) = —(] with j = 1 or

j = 2, which are Galois conjugate. Note that x does not factor via the norm by
17



Corollary 2.3.4(a), so the type indeed occurs. We obtain the same induction from
either character, so we may take x|7, = X(4,2,6)| 1., 8iVing 7 ~ 7 3(d, 2, 6).

e Next, suppose that k =5 and d = 3. By Lemma 5.1.2, x|,. is a nontrivial character
on

(Ouc /8" /Us = {u) = 215,
The order of x(u) is not a divisor of 6, otherwise x would be imprimitive (i.e.,

condexp(x) < 3); thus x|z, has order 9 or 18 and so 9 | e = 12, a contradiction.
Therefore this case does not occur.

e Finally, suppose £ =5 and d = —3. Now by Lemma 5.1.2 we have a character on
(Oxc/0")* /Uy = (ua) x {uz) ~ Z/3 x Z./6
where u; = —&; and uy = & — 3. The primitivity condition here is more subtle.

Indeed, if y is imprimitive then xy = 6 o 7 for some character 6 with condexp(#) < 3,
where 7 is the projection defined in Remark 5.1.5. Since (Ok/p?)*/U; ~ Z/6 we
conclude that x(uju3) = 6(u§) = 1. Thus x is primitive if and only if x (u1) # x(u2) 2.
Furthermore, Corollary 5.1.6 applied to x[;x = €4 gives x(—1) = x(u3) = —1 and
so X|r, does not factor through the norm by Corollary 2.3.4(a). We conclude that
x(uz) = ¢ = (—=1)'¢2" with i = 1,3,5 and the constraints on y(u;) follow from
the primitivity condition. More precisely, up to replacing y by its Galois conjugate
(which coincides with ™! on inertia), there are three possible characters defined by

X(w)=¢ and  x(up) =—¢" forj=0,1,2

Therefore, we can choose x = x(-34,), for j = 0,1,2. Thus 7 ~ 7, 3(—3, 4, 6)j.
We conclude by proving (c¢). Suppose k = 4.
e First, suppose that 7 is principal series. Then 7 = x|z, ®x!|1,, where Y is a character

of W3 with conductor exponent 2. By Lemma 5.1.2, we have that x|, factors through
(Z3/(3%)* ~ (—4) ~ 7./6.

Since y is primitive with condexp(x) = 2, we have x(4) = ¢§*. Twisting by e3, we
can assume that x(—1) = 1. Thus, there are two possibilities for x|z, which are
X(1,2,3) and X(_1}2,3)' Thus 7 ~ 7,63(1,2,3) (hence e = 3) or 7 =~ 7,53(1,2,3) ® €3
(hence e = 6).

e We are left with the case where 7 is supercuspidal. We first claim that K is unram-
ified: indeed, if K is ramified, then again from (2.3.5) we have 4 = condexp(x) +
condexp(¢x) = condexp(x) + 1 so condexp(x) = 3. But this contradicts Corollary
5.1.7. Thus K is unramified, so d = —1, and condexp(y) = 2 by (2.3.5). Reading
Lemma 5.1.2 one last time, we have x|, on

(Ox/(3)) /U; = {u) =~ /12

where u = y/—1 + 2. By Corollary 5.1.6, x(4) = x(=1) = 1. By primitivity,
X(u) must have order 3, 6, or 12. However, by Lemma 3.2.1, the case e = 12 only
arises for nonabelian inertia, which is not possible as K D Q3 is unramified. Thus
x(u) = ¢, with j € {1,2,4,5}, which give two pairs of conjugate characters. Note
that Corollary 2.3.4(b) implies that indeed y does not factor through the norm.
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T H e ‘ condexp(T) ‘ Nmy x(Of )/U; ‘ r ‘ Gal(L. | Qs) H E
trivial 1 0 — 3.1.0.1 1Tl ~Cy 11al
€3 2 2 — 3.1.0.1 2T1 ~ C, 99d2
Tps3(1,2,3) 3 4 - 3.3.4.2 3T1~C; 162b1
Tse,3(—1,2,3) 3 4 (3) ~7Z/4 3344 3T2~ S5 162d1
Tees(—1,1,4) 4 2 trivial 3.43.1 4T3~ Dy 36al
Ts3(1,2,3) ®eg || 6 4 - 3.6.9.11 6T1 ~ Cs 162c2
Tee3(—1,2,3) @ ez || 6 4 (6) ~ 7,2 3.6.9.12 6T3 ~ Dg 162a2
Tse.3(3,2,6) 12 3 trivial 3.12.15.1 | 12T15~2- D¢ || 27al
Tse,3(—3,2,6) 12 3 trivial 3.12.15.12 | 12T13 ~2- Dg || 54al
Tee3(—3,4,6), || 12 5 ((1,0)) ~Z/3 {3.12.23.122 | 12T13 ~ 2 Dg || 972b1
Tee3(—3,4,6); || 12 5 ((0,2)) ~7Z/3 | 3.12.23.20 | 12T13 ~2- Dg || 243b1
Toe,3(—3,4,6)y || 12 5 ((1,4)) ~7Z/3 | 3.12.23.14 | 12T13 ~2- Dy || 243al

TABLE 4. Types, defining fields, and elliptic curves realizing each inertial
type over Q3 in the case of potentially good reduction, where 2 - Dg ~ C} :

03 ~ (06 XCQ)ICQ

To finish, we recognize these two as twists. We note that § = x - (e3]w, ) is also
a character of Wy with conductor exponent 2 with §(g) having order 3 or 6, and
moreover

0(u) = x(u)xs(Nmjg, (v)) = x(u)es(u?) = x(u) =1

for all u € Z3. Therefore, J| ox must be one of the previous four characters. Thus,

up to twisting by e3, we can assume that x(g) = Cg, for j = 2,4, which is the same as
requiring that y(g) = ¢3! which are now conjugate. Thus we can take x|, = X(-1,2,3)
and either 7 ~ 7y 5(—1,2,3) with e = 3 or 7 ~ 7y 3(—1,2,3) ® e3 with e = 6.

The proof is then complete by exhaustion of cases. 0

5.3. Explicit realization. In Table 4, we give an example of a curve realizing each inertial
type we computed over Q3 for the case of potentially good reduction; in particular those
described in Proposition 5.2.2 and Table 3. Additional columns are explained below.

To this end, let 7 be an inertial type. Let L' O @, be an extension of minimal degree such
that Q"L is the extension of Q)" cut out by 7. If [L': Q,] = [Q;"L" : Q)"], then we call L'
a descent of the inertial field of 7. Let L. be the normal closure of a descent field of 7.

When 7 is a non-exceptional supercuspidal type, there is a quadratic subfield K C L, and

a character y: Wx — C* such that, by class field theory,

(5.3.1)

and the restriction to inertia x|, satisfies

ker(x* (o /mv,) = Nmp, 1k (OF ) /Us = (Ok /§)* /Uy

(5.3.2)
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https://www.lmfdb.org/GaloisGroup/12T15
https://www.lmfdb.org/EllipticCurve/Q/27a1
https://www.lmfdb.org/padicField/3.12.15.12
https://www.lmfdb.org/GaloisGroup/12T13
https://www.lmfdb.org/EllipticCurve/Q/54a1
https://www.lmfdb.org/padicField/3.12.23.122
https://www.lmfdb.org/GaloisGroup/12T13
https://www.lmfdb.org/EllipticCurve/Q/972b1
https://www.lmfdb.org/padicField/3.12.23.20
https://www.lmfdb.org/GaloisGroup/12T13
https://www.lmfdb.org/EllipticCurve/Q/243b1
https://www.lmfdb.org/padicField/3.12.23.14
https://www.lmfdb.org/GaloisGroup/12T13
https://www.lmfdb.org/EllipticCurve/Q/243a1

Proposition 5.3.3. For p = 3 and each inertial type T arising from an elliptic curve with
additive, potentially good reduction, there is a unique descent L' of the inertial field. More-
over, either L' = L, is Galois or the compositum L, = QgL' is Galois over Qs, where Qg is
the quadratic unramified extension of Qs.

Proof. There are 12 such types; we can exclude the trivial case leaving 11. Accompanying
code is available online [18].

By search, we find a list of 11 elliptic curves E over Q3 and a list of 11 nonisomorphic
totally ramified extensions L’ such that for each elliptic curve E there is a unique field L'/
of minimal degree such that E;, has good reduction. (Indeed, most curves obtain good
reduction over exactly one listed field; some obtain good reduction over two or more fields
but only one with minimal degree.) Since the fields L’ are totally ramified and of minimal
degree they form a list of uniquely determined (up to conjugation in Q,) descent fields.

We verify the second statement, that the fields are either Galois over Q3 or become so
after taking the compositum with the quadratic unramified extension; we then verify that
the extensions are pairwise nonisomorphic as extensions of Qg hence as extensions of Q3".

The fields L’ are listed in Table 4 by LMFDB label. Moreover, for each nonabelian
Galois closure L O Qg of a L' in our list, we computed the image of Nmy x (O} )/U; inside
(Ok /§)* /Us where the latter is given by the group structure and generators in Table 2. (For
some of the fields there are more than one quadratic subfield K C L; the choice of K in
the 4th column of Table 4 is the field K used to define the corresponding type in the first
column, which turns out to be the correct choice as explained below.)

Given that we have a distinct list of fields and a list of types with the same cardinality,
the result follows. O

To finish the proof of Table 4 we need to match the descent fields with the types. Since
the curve 11al has good reduction at 3 and its quadratic twist by 3 is the curve 99d2, the
first two rows follow immediately. The principal series types correspond by construction to
abelian extensions L = L' O Q3. Thus 7,53(1, 2, 3) corresponds to the unique cyclic extension
in the list with ramification e = 3 and 7p53(1,2,3) ® €3 to the unique cyclic extension with
e =0.

We are then left with the supercuspidal types. The fields L’ are totally ramified and
their Galois closure is obtained by the compositum with at most an unramified quadratic
extension, so the computed norm groups Nmyx (O )/Us uniquely identify it as an extension
of K by local class field theory. To select the quadratic subextension K C L and the
conductor f for the calculation of the norm groups, we used the following two facts:

(1) The conductor of a type 7 with corresponding L, matches the conductor of the curve
that corresponds to L.

(2) The description of the types in the list with a fixed conductor gives the candidates
quadratic subextensions K C L.; for example, Proposition 5.2.2(d) implies that
fields corresponding to curves of conductor 3° are obtained from characters of K =
Q3(+/—3) (even though Q3(v/3) and Q3(y/—1) are also contained in those fields).

Comparing the output of this calculation to the definition of the characters in Table 3
completes the proof of all the rows except for with condexp(7g) = 3. This is because
the fields corresponding to 27al and 54al both contain the two quadratic fields Qs(v/%3)

and there is one type of conductor 3* induced from each of these quadratic fields, namely
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Tee3(£3,2,6). So to finish, we observe that for 7 3(+3,2,6) the induced characters have
order 6 and (O /f)*/U; ~ Z/6, hence the norm group must be trivial as per the table.
Further, this norm group can only occur if we are taking norms towards a quadratic field
from which the type can be induced from. Thus if the trivial norm group occurs also for the
other quadratic field then the type must be triply imprimitive by Proposition 2.3.12. But
this is not the case because its Galois group is isomorphic to 24.8 of order 24, a group which
also goes by the names
2'D62(06X02)3022035D4;
however, this group has center C5 and the quotient modulo center has order 12, hence the
projectivization of its image cannot be isomorphic to Dy >~ Cy x Cs.
Having realized types explicitly this way, we obtain the following corollary.

Corollary 5.3.4. Let E be an elliptic curve over Q3 with potentially good reduction. Then
there is a unique field L' in Table J of minimal degree such that E obtains good reduction
over L', and T is given by the type that corresponds to this L'.

Code implementing Corollary 5.3.4 is available online [18§].

6. NONEXCEPTIONAL INERTIAL TYPES AT p = 2

In this section, we begin our consideration of inertial types for the case p = 2. We treat
all inertial types but for the exceptional supercuspidal types, leaving the latter for Section 7.
The outline of the argument is the same as in the case p = 3, just with more technical
complications.

6.1. Setup and statement of result. In this section, we let K = Qy(v/d) be one of the
eight at most quadratic extensions of Qq, so d = 1, —4,5, 8, —20, +40. The unique non-
trivial unramified extension has d = 5; the remaining nontrivial extensions have conductor
exponent 2 or 3. As before, when K # Qy let s € W5 be a lift of the nontrivial element of
Gal(K [ Q2).
As in the case p = 3, we will need to know the quadratic character €4 on inertia explicitly,
as follows.
e We have e, = €_9, with condexp(e_4) = 2 and its restriction 5§4|ng factors through
(Z3/2°Z5)* and
6_4(—1) = —1.
e We have eg = 49, with condexp(eg) = 3 and similarly eg is defined on (Z,/237Z,)* =
(—=1) x (5) ~Z/2 x Z/2 by
es(—1) =1, e5(5) =—1.
e We have e _g = g1 = £_y49, with condexp(eg) = 3 and
eg(—1)=-1, e.g(b)=-1.
As in Section 5, we begin by setting up the structures of finite quotients of unit groups.
We adopt the same notation: f = p/ with f > 1 and (¢) = Zs N § where ¢ = 2* for some
k> 0. Also, Nm = Nmgg,: (Ox/f)* — (Z2/q)* the norm map, and finally

T Nm((Og/f)*), otherwise.
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Kk | e |il s | U

Q2 1 2] >1 _
(2) 1 trivial
Q2(V/5) 5 (2)? 2 (—1)~7Z/2
2] >3 (=1) x (3Y~7Z/2 x 7./2/ 2
Qa(v/m), 4 o0 p/ | 1,2,3,4 trivial
m=—1,-5 ’ pf >5 (=3)~ 7./2L(/=3)/2]
pf 1,2 trivial
%i\/fl)o 8,40 || p/ |3,4,56 (1)~ 7Z/2
’ pf | >7 || (=1) x (=9)~7Z/2 x 7/21(F=5)/2]
pf 1,2 trivial
m(@j(—\/z@’m —8,—40 || p/ |3,4,5,6 (3)~7Z/2
’ p/ >7 (3)~ 7,/2L(F=3)/2]
TABLE 5. Group structure of U;
K | da i r | (Ox /D /U
(2) 1 trivial
Q2 1 (2)? 2 (-1)~17/2
27| >3 (=1) x (5)~Z/2 x 7.2/ 2
1,2 (-1++5)/2)~1Z/(3-2/7)
QS DT g ) (14 VB2 = 22 X 232
p 1 trivial
in(l/lm);5 —4,-20 || p2 2 (Vm)~7/2
’ pf | >3 (Vm) x (2ym — 1)~ Z/4 x Z,/2L=2/2]
Q2(\/m)7 1327374 <\/77L_1>ZZ/2U/2J
m = £2,£10 +8,+40 | p/ >5 (=3) x (ym — 1)~ 7/2 x Z/2L//2]

TABLE 6. Group structure of (O /f)* /U

Lemma 6.1.1. Tables 5, 6, and 7 give the structure and generators for the groups Uy,
(O /1) /Us, and (Z2/q)* |Us, respectively.

Again, for the main result we only need these tables for finitely many values of f.

Proof. The argument for Tables 5 and 6 are entirely similar to the proof of Lemma 5.1.2; see
the code.

Completing Table 7 can be read from the previous two; we illustrate in one example.
Suppose m = 2,10. Since K is ramified, then ¢ = 2% where k := [f/2]. From Table 6 we
have:

o If f=1,2then k =1, and both U; and (Z/2")* are trivial.
o If f=3,4 then k =2, and U; = (—1) and (Z/2F)* = (—1).
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K a5l (Z2/9)* /Uy

(2) 1 trivial
Q2 1 (2)? 2 (—1)~17/2

@ | >3 | (=1) x (5)~7Z/2 x 7/2f~2
Q2(v/5) 5 27 >1 trivial
QvVm) |y gy o | 2 trivial
m=-1,-5 > 3 (—1)~ 7,2
Qa(v/m), 8. 40 of 1,2,3,4 trivial
m =210 > 5 (—3)~ 7,/2
QM. | g o pr 1234 trivial
m = -2,-10 > 5 (—1)~ Z/2

TABLE 7. Group structure of (Z/q)* /U

o If f =5,6 then k = 3, we have U; = (—1), (Z/2%)* = (1) x (5) ~Z/2 x Z]2.
e Finally, for f > 7, we have

5[] -+-1-2

Therefore, Us contains exactly half the elements of (Zy/q)*.

Therefore, the quotient (Z/q)*/U; is trivial for 1 < f < 4 and isomorphic to Z/27Z for
f > 5, proving the 4th row of Table 7. The remaining rows follow similarly. ([l

Remark 6.1.2. Similarly to Remark 5.1.5, the canonical projection maps between quotients
behave as expected, except for the field K = @2(\/3). In that case, the projection map

m: (Ok /p*)* JU; = (Ok [9?)* | U;
is given by

m(V5) = (ﬂE) (mod p?), T <_1 i ﬁ) _ ot V5 (mod p?).

2 2 2

So m(v/5) # 1 contrary to what one might think at first glance.

Corollary 6.1.3. Let x be a character of Qy(v/d)* with conductor § = p/.
(a) For d = "5, we have

Xlzx =5 <= Xy, =1 <= x(3) =x(-1)=1.
(b) Ford = —4,-20 and f > 3, we have
Xlzy =1 <= Xy, =1 and x(-1) = -1 <= x(3) = x(-1) = -1
(c) Ford = 8,40 and f > 5, we have

Xlzy =es <= X[y, =1 and x(=3) = -1 <= x(3) =—1and x(-1) =1.
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H ‘ values of x on generators H T ‘ condexp(7)

flr

Qs 1 || (2* 4] 4 1,14 Tps,2(1,4,4) 8
(2) 1 3 C?) Tsc 2(57 17 3) 2

5 5 ’
Q:(v5) 24|44 1,4 Tee2(5,4,4) 8
pS 314 7 7_sc2(_4a374) 5

V-1 —4 :
Qa(v=1) pS |6 4 i, Teen(—4,6,4) 8
Qa2(v/=5) | =20 || p* |3 4 i Tse2(—20, 3,4) 5

TABLE 8. Nonexceptional, nonspecial inertial types over QQ,

Ng eg ‘ TE

22 3 Tse2(5,1,3)

24 6 Tse2(5,1,3) ® ey

2% 8 Toe2(—4,3,4), Tsc2(—20,3,4)

o6 6 Tee2(5,1,3) ® s, Tsc2(5,1,3) ® e_g
8 Tee2(—4,3,4) ® €5, Tse2(—20,3,4) @ €3

o8 4| Tps2(1,4,4), Tps2(1,4,4) ® ey, Tee2(5,4,4), Tsc2(5,4,4) ®e_y
8 Toe,2(—4,6,4), Tsc2(—4,6,4) ® eg

TABLE 9. Inertial types over QQy with semistability defect e # 2, 24

(d) Ford= —8,—40 and f > 5, we have
Xlzy =€-s <= Xlyy =1 and x(-1) = -1 <= x(3) =1 and x(-1) = —1.
Proof. This follows from Lemma 6.1.1. O

We now focus on the cases of principal series and nonexceptional supercuspidal, where we
attached a character x4,y of Wx where K has discriminant d, whose conductor exponent
is f and whose order on Ix is r. As in the case p = 3, to define x(4,7r)|1, satisfying
X(d,f,r)‘zg = g4, it is enough to give the values of x4 s,y on generators of (Og/§)* /Us.

In preparation for our final result, we list the relevant characters in this way in Table 8.

The main result of this section is then as follows.

Theorem 6.1.4. Let E be an elliptic curve over Qq with additive, potentially good reduction,
conductor Ng, semustability defect eg, and inertial type T7p. Suppose that ep # 2,24. Then
TE s given by one of the cases in Table 9.

In particular, Tg is nonexceptional supercuspidal in all cases except when

ep =4 and Np = 2% and 75 ~ Tps2(1,4,4), Tps2(1,4,4) ® £_4
wn which case Tg is principal series.

The proof of Theorem 6.1.4 will be given in Section 6.6 after treating various cases in the

next few sections.
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6.2. Principal series. Throughout the remaining sections, let £ be an elliptic curve over
Q. with additive, potentially good reduction, semistability defect eg # 2,24, conductor Ng,
and inertial type 7g.

We begin with the relatively easy case of principal series.

Proposition 6.2.1. If 75 is principal series, then Np =28, e =4, and 7p ~ Tps2(1,4,4) or
T = Tps,2(17 4, 4) X E_4.

Proof. By Lemma 3.1.4 and (2.2.1), we have condexp(7g) = 2k with 1 < k& < 4. Thus
2 = XI5, ® X !1,, where x|, factors through (Z,/2*Z,)*. From Lemma 6.1.1 and Table 6
we see that if £ < 3, then x|, is at most quadratic, so e < 2, a contradiction. Therefore,
k =4 and x|, factors through

(Z2/(2")) = (1) x (5) = Z/2 x Z/4.

The primitivity of X forces x(5) = +i. Twisting by e_4 we can assume x(—1) = 1. Thus
X| = X(1,4,4) OF X(144 We conclude that 7 o~ 7,50(1,4,4) or 7 =~ Tps2(1,4,4) ® e_4. O

6.3. Quadratic inductions, conductor 8. Having dealt with the reducible case, we con-
sider in the remaining subsections inertial types induced from a quadratic extension K D Qs.
In this section, we rule out the possibility that K has conductor exponent 3.

Proposition 6.3.1. Suppose that 1g is irreducible and induced from a quadratic exten-
sion K D Qy. Then K is either unramified or it has conductor exponent 2.

Proof. Assume for purposes of contradiction that 7z is induced from a quadratic extension
K D @ of conductor exponent 3, i.e., d = £8 440, equivalently, K = Qy(y/m) with
m = +2,+10. By Proposition 2.4.1(iv), we have 7 ~ Indi(xhK) where x|r,. # X°|1.- By
Lemma 3.2.1, the order of 75 is ep = 8 as 7 is irreducible and e # 24; in particular, ® ~ Qg
is quaternion of order 8.

Let f := condexp(x). The conductor exponent formula condexp(7) = 3+ f and Lemma 3.1.4
imply f < 5. From Lemma 6.1.1 we have that x|, factors through

(u) =~ {1}, if f=1;
(6.3.2) (O /0 /U = éi Zi i
(u) x (=3) ~Z/4xZ)2, if f=05;

where u = /m — 1.

We claim that x®/x is quadratic. By the above, we have x*/x nontrivial. From (6.3.2)
and Lemma 2.3.6 it follows that x®/x is at most quadratic on inertia. On the other hand,
for the uniformizer \/m € K, we have

()M Vm) = xM=vm) = ef (~D)x*(Vm)
whence
(/)M (Vm) = g4 (=1)
and so x*/x is at most quadratic—hence quadratic.
By Corollary 2.3.4(c), we conclude that x°/x factors through the norm map. By Propo-
sition 2.3.12, we conclude that pg is triply imprimitive, so the projective image of pg is

Dy = Cyx Cy. On the other hand, by Dokchitser—Dokchitser |22, Lemma 1], there is a twist p
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of pp which factors through Q3(E[3]), so Ppp ~ Pp ~ Ppy 5. But then g 5(W3) < GLy(Fs)
is the 2-Sylow subgroup by [22, Table 1] which has order 16, hence Ppy 3(W2) has order at
least 8, and so Ppg 3(Ws) 22 Cy x Cy, giving a contradiction. O

6.4. Quadratic unramified inductions. We now consider the case of inertial types in-
duced from the unramified quadratic extension K = Q(v/5).

Proposition 6.4.1. Suppose T is nonexceptional supercuspidal, obtained by inducing a
character x of Wy where K = Qy(v/5). Then 1 is given by one of the following cases:

(a) If Ngp = 2%, then eg = 3 and Tp ~ s 2(5,1,3).
(b) If Ng = 2%, then ep = 6 and Tp ~ Tec2(5,1,3) ® e_4.
(¢) If N = 25, then ep = 6 and either Tp ~ Ty 2(5,1,3) ® 3 or Tp ~ Tee2(5,1,3) ® e _g.
(d) If Ng =28, then ep = 4 and either Tp >~ Tee2(5,4,4) or Tp ~ Tee2(5,4,4) @ e_4.

Proof. Since K is unramified over Qy, we are in case (iii) of Proposition 2.4.1(iii). We
conclude that 7 has cyclic image of order ey = 3,4,6 by Lemma 3.2.1 (having excluded
ep = 2 and egy = 24 at the start). The conductor exponent of 7 is equal to 2k by (2.3.5),
where k := condexp(x) < 4 by Lemma 3.1.4.

From Corollary 6.1.3 we have x|;x = €5 is trivial. Moreover, since the order of x|y, is
also e > 2 it follows from Corollary 2.3.4(b) that all the potential candidates for x|, arising
below do not factor via the norm map (as required for irreducibility). Let v := (—1+4+/5)/2.

e Suppose k = 1; then Np = 22, and the reduction is tame, hence e = 3. From
Lemma 6.1.1 and Table 6, the character x|;, factors through

(O /p)"/Us = (v) = Z/3.

So x(v) = gcl and indeed x does not factor through the norm. Thus there are
two conjugated possibilities for x|z, and we can take x|;, = X(51,3), Which gives
T =~ Ty 2(5,1,3). This handles (a).

e Suppose k = 2. From Lemma 6.1.1 and Table 6, x|z, factors through

(Ox/p*)" Uy = (v) ~ Z/6.

From this, we see that y is primitive if and only if x(v) = ¢§* and again, x does not
factor via the norm. Thus there are two conjugate choices for x| Iy, 8lving rise to the
same type 7/, showing that there is a unique type of conductor 2*. But, twisting an
elliptic curve with inertial type 7. 2(5, 1, 3) by —1, gives an elliptic curve of conductor
2% and inertial type Ty 2(5, 1,3) ®e_4. Since 7’ is the unique inertial type of conductor
2%, we must have 7/ = 7. 2(5,1,3) ® e_4. This proves (b).

e Suppose k = 3. From Lemma 6.1.1 and Table 6, x|z, factors through the quotient

(Ok/p*)* Uy = (V/B) x {v) = 22 x 26,

The primitivity condition here is more subtle; indeed, if y = fox for some character 6

with condexp(f) < 2 where 7 is the projection defined in Remark 6.1.2 then, since

(Ok /p?)* /U; ~ 7Z,/6 we conclude that x(v/5 - v3) = 0(v°) = 1. Thus y is primitive

if and only if x(v/5) # x(v)~3. Moreover, since Z/4 is not a subgroup of the above

quotient, we have e = 3 or e = 6 and so x(v) = ¢ with 1 < j < 5 and 3 # ;.

Thereofre, if 5 = 1,5 then x(v/5) = 1 from the primitivity condition and if j = 2,4
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then y(v/5) = —1. This gives four possibilities for x|;, yielding two pairs of conjugate
characters, and hence two possible inertial types of conductor 2°. But, twisting an
elliptic curve with inertial type 7e2(5,1,3) by 2 and —2 gives an elliptic curve of
conductor 2° and inertial type Te.2(5, 1, 3) ®eg and 7. 2(5, 1, 3) ®e_g, respectively. So,
Tee2(5,1,3) @eg and Ty 2(5, 1,3) ® e_g must be the two inertial types of conductor 25,
completing the proof of (c).

e Finally, suppose £ = 4. From Lemma 6.1.1 and Table 6, x|;, factors through the
quotient

(O /p")*JU; = (V5) x (V) ~ 7/2 x 7./12.

Since y is primitive, x(v) has order 4 or 12. In the latter case, the image of 7 has
size e = 12, a contradiction. So x(v) = £i and x does not factor via the norm. Since
there are no further constraints we can have y(y/5) = +1. This gives four possible
characters. Similarly, one can show that § = y - € 4|k has conductor p?, satisfies
) ]ZQX = 1 and that it does not factor through the norm. Hence the possibilities for

x|z, are
X(5,4,4) Xf5,4,4)7 X(5,4,4) - €—4, OT (X(5,4,4) ~e_y4)°,
therefore 75 ~ Ty 2(5,4,4) or T =~ Ty 2(5,4,4) ® €_4, as desired. (Note that the
twisted types Tuc2(5, 4, 4) ® g also have conductor 2° but they do not appear above
due to the relations X(5.4.4) = X(5.4,0)E-8 and (X(54,4)6-4)° = X(5,4,4)€3-)
This exhausts the possible cases and completes the proof. 0

6.5. Quadratic inductions, conductor 4. We conclude with the case of conductor 4 = 22.

Proposition 6.5.1. Suppose Tg is nonexceptional supercuspidal type, obtained by inducing
a character x of Wi where K O Qo has conductor exponent 2. Then eg = 8 and Tg s given
by one of the following cases:

(a) If Np = 2°, then 7 =~ Tee2(—4,3,4) or Tp =~ Ty o(—20,3,4).

(b) If Ng =25, then Tp =~ Tee2(—4,3,4) ® €8 or T = Tee2(—20,3,4) ® &s.

(c) If Ng = 28, then Tp =~ Tyeo(—4,6,4) or Tp =~ Tyea(—4,6,4) ® &s.

Y I

Proof. By assumption e # 24, hence by Lemma 3.2.1 and Proposition 2.4.1 we must have
Eg — 8.

The quadratic extensions K D @y of conductor 22 are K = Qy(y/m) with m = —1,-5
corresponding to d = —4, —20. In both cases, we must have X|ZQX = ¢_4, which implies that
X(—1) = x(3) = —1 by Corollary 6.1.3. In particular, all the candidates for x we will find
below do not factor via the norm map by Corollary 2.3.4(a). By the conductor exponent
formula (2.3.5) and Lemma 3.1.4, we have k := condexp(x) < 6. Since all characters with
conductor exponent < 2 have x(—1) = 1, we must have 3 < k < 6. Furthermore, from
Table 6 we also see there are no primitive characters for k = 5 for both values of m, hence
k=3,4,6.

e Suppose d = —4 and k = 3. By Lemma 6.1.1 and Table 6, x|, factors through

(Ox /p7) /Uy = (Vm) = Z/4.
Since x is primitive, we must have y(y/m) = =+i. Therefore, there are two possi-
ble conjugate choices. Taking x|r, = X(-4,34), We obtain 7 ~ 7, (—4,3,4). This

proves (a) for m = —1.
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e Suppose d = —4 and k = 4. By Lemma 6.1.1 and Table 6, x|, factors through

(Ox/p*)* /U; = (Vm) x (2/m — 1) = Z/4 x Z/2.

Since y is primitive, we have x(2y/m — 1) = —1. Furthermore, since x(—1) =
x(vm)? = —1, we must have x(y/m) = =4i. Therefore, there are two conjugate
choices, and a unique type of conductor 2°. But, twisting an elliptic curve with
inertial type Te2(—4,3,4) by 2 gives an elliptic curve with conductor 2° and inertial
type Teea(—4, 3,4) ®eg. By the uniqueness of the type at conductor 2%, we must have
T~ Toe2(—4,3,4) ® €5, proving the first type in (b).

e Suppose d = —4 and k = 6. By Lemma 6.1.1 and Table 6, x|, factors through

(Ox /p°) /Uy = (Vim) x (2/m — 1) ~ L[4 x Z/4.

Since y is primitive, we must have x(2/m — 1) = +i. Analogously to the case k = 4,
we also have y(y/m) = +i. This gives rise to four characters. Note that 6 = x - 5|k
also has conductor p%, and satisfies § |ZQX = ¢_4 and does not factor through the norm.

We conclude that the four possibilities for x|, are

X(—4,6,4)5 X?—4,674)7 X(—4,6,4)'€8\K, (X(—4,6,4)'58|K)87

yielding 7 = Ty 2(—4,6,4) or 7y2(—4,6,4) ® 5. This proves (c) for d = —4.

e Suppose d = —20 and k = 3,4. Then the same argument as for m = —1 applies,
using again Lemma 6.1.1 and Table 6 for the group structures. This completes the
proof of (a) and (b) for d = —20.

e Finally, suppose d = —20 and k£ = 6. By Lemma 6.1.1 and Table 6, x|;, factors
through

(Ox /9°) /Uy = (Vm) x (2/m — 1) ~ L[4 x Z/4.

Since x is primitive we have x(2y/m — 1) = +i as for m = —1. We also have

xX(v/m)® = x(=5) = x(3) = -1 = x(v/m) = +i.

We claim that x*/x is quadratic. Indeed, it follows from Lemma 2.3.6 and the fact
that 7 is irreducible that x*/x is quadratic on inertia. We now compute (x*/x)(m),
where m = 1 — y/m is a uniformizer:

O/ )(m) = x(s(m) /) = x((1+ vm) /(1 = v/m)) = x(u(l = vV/m)/(1 = vVm))

= x(u),

where u = —(2 — /m)/3 € OF. We have u™* = /m" - (2y/m — 1), as elements of
(Ok /p%)*/Us, hence

N = X(VI)? - X(2v/m — 1) = (i) (i) = 1,

showing that x*/y is quadratic, as claimed.

Since x*®/x is quadratic, it factors via the norm map by Corollary 2.3.4. So pg
is triply imprimitive by Proposition 2.3.12. This leads to a contradiction as in the
proof of Proposition 6.3.1. We conclude there are no types arising from an elliptic
curve for £ = 6 and d = —20.

This completes the proof by cases. 0]
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T H e ‘ condexp(T) ‘ Nmp, x (OF) /U ‘ r ‘ Gal(L|Q2) H E
trivial 1 0 - 2.1.0.1 1Tl ~Cy 11al
€_1 2 4 — 2221 2T1 ~ Cy 176b2
€2 2 6 — 2231 2T1 ~ Cy 704a2
-2 2 6 - 2233 2T1 ~ (Cy 704k2
Tee,2(5,1,3) 3 2 trivial 2321 3T2 ~ S 20al
Tee2(5,4,4) 4 8 (1,4)) ~Z/6 | 2.411.18| 4T3~ D, || 256al
Tee2(5,4,4) @e_y || 4 8 (1,10)) ~Z/6 | 2.411.17 | 4T3~ D, || 256d1
Tps,2(1,4,4) 4 8 (1,0)y ~Z/2 | 24111 | 4T1~(Cy | 768bl
Tosa(1,4,4) ®c_y || 4 8 (1,2))~7Z/2 | 24112 | 4T1~Cy | 768h1
Tse2(5,1,3) ®e_y || 6 4 trivial 2.6.8.1 6T3 ~ Dg 80b1
Tse2(5,1,3) ®eg || 6 6 ((0,3)y ~7Z/2 | 26.11.1 | 6T3~ Dy || 320c2
Te2(5,1,3) ®e_g | 6 6 (1,0)) ~Z/2 | 2.6.11.9 | 6T3~Ds | 320f2
Tee,2(—20,3,4) 8 5 trivial 2.8.16.65 | 8T8 ~2- Dy || 96al
Tse,2(—4,3,4) 8 ) trivial 2.8.16.66 | 8T8 ~2- D, || 288al
Tee2(—20,3,4) @ es | 8 6 (2,1)) ~7Z/2 | 2.8.18.74 | 8T8 ~2- Dy || 192a2
Teea(—4,3,4) @es || 8 6 (2,1)) ~7/2 | 281873 |8T8~2- Dy || 57612
Teen(—4,6,4) @ es || 8 8 ((3,3)) ~Z/4 | 2.824.66 | 8T8 ~2- Dy || 256b2
Teen(—4,6,4) |8 8 ((3,1)) ~Z/4 |2.8.24.68 | 8T8 ~2- D, || 256c1

TABLE 10. Types, defining fields, and elliptic curves realizing each nonexcep-
tional inertial type over Qs in the case of potentially good reduction, where
2 - Dy ~ QD¢ is the quasi-dihedral group of order 16

Remark 6.5.2. In Proposition 6.5.1, we always have e = 8. To ensure that we do not get
the same kind of contradiction that arises in the last case of the proof of this proposition,
to show that this type occurs we must check the order of x*/x in all cases. Instead, we will
show in Section 6.7 that there is an elliptic curve with that type.

6.6. Proof of theorem. We are now ready to prove the main result of Section 6.

Proof of Theorem 6.1.4. Since e # 24, by Lemma 3.2.5 and Proposition 2.4.1, 7g is either
principal series or nonexceptional supercuspidal.

The case when 7 is principal series is treated by Proposition 6.2.1.

If 7% is nonexceptional supercuspidal induced from a quadratic extension K, then by
Proposition 6.3.1, K has conductor 1 or 4. The case of conductor 1 (unramified) is covered
in Proposition 6.4.1 and Proposition 6.5.1 covers the case of conductor 4. 0]

6.7. Explicit realization. In Table 6.7 we match each nonexceptional inertial type with a
representative elliptic curve over Q, with code online [18].

Proposition 6.7.1. For p = 2 and each nonexceptional inertial type T arising from an

elliptic curve with additive, potentially good reduction, there is a unique descent L' of the
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inertial field. Moreover, either L' = L is Galois or the compositum L = QL' is Galois
over Qq, where Q4 is the quadratic unramified extension of Q.

Proof. The proof is similar to Proposition 5.3.3. U

With the list of fields in hand, the proof of Table 6.7 is similar to Section 5.3, and we now
summarize it. We note however that, in contrast with Section 5.3, in the argument below
we do not need the description of the norm groups of all the rows in the table, as many rows
are deduced by taking quadratic twists of other rows (for which we do use that information);
we decided to include the norm groups in all cases for the sake of completeness.

The curve 11al has good reduction at 2 proving the first row and twisting by —1, 2, and —2
yields the next three rows. To complete the correspondence, using norm group computations
we will find which type corresponds to each field.

We start with the principal series case. The curve 768bl over @, has conductor 2% and
obtain good reduction over a cyclic extensions L, O Q9 of degree 4 hence its inertial type 7
is a principal series of conductor 28 determined by a character x|z, of order 4. Moreover,
setting K = Q, and f = 2%, by local class field theory, we have

ker(x*|(ox/iy*) = Nmyz_ 5 (OF ) = (O /f)*,

where we used that U; = 1 in this case. Comparing the norm group obtained from L, to
the character defined in the first row of Table 8 we conclude that 7 = 7,5 2(1, 4,4). Twisting
768b1 by —1 shoes that the inertial type of 768h1 is 7,,52(1,4,4) ® £_4.

We are now left with the supercuspidal types. Following an argument and calcula-
tions analogous to Section 5.3 we compute norm groups of the form Nmyx(O;)/Us inside
(Ok/f)* /U; where the latter is given by the group structure and generators in Table 6; these
norm groups uniquely identify the field L as an extension of K. Comparing the output of
this calculation to the definition of the characters in Table 8 plus taking adequate quadratic
twists establishes all rows except those corresponding to 96al, 288al, 192a2, and 576f2; since
the latter two curves are quadratic twits by eg of the first two, it suffices to determine the
types for 96al and 288al. There is ambiguity here because the fields of good reduction
of these curves both contain QQ(\/E) for d = —4,—20 and the two resulting norm groups
are {0}. Finally, an argument analogous to that at the end of Section 5.3 for the types
Tee,3(£3,2,6) completes the proof—here we use that Gal(L | Q) ~ 2 - Dy modulo its center
has order 8.

The followiing corollary is analogous to Corollary 5.3.4 and follows from the previous
discussion.

Corollary 6.7.2. Let E be an elliptic curve over Qg with potentially good reduction. Assume
that E semistability defect eg # 2. Then there is a unique field L' in Table 6.7 of minimal
degree such that E obtains good reduction over L', and Tg is given by the type that corresponds
to this L.

7. EXCEPTIONAL INERTIAL TYPES FOR E OVER Q9

Finally, we consider exceptional inertial types which arise only for p = 2.
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7.1. Setup and result. Let r = +1,+2 and define the following elliptic curves over Qy
(7.1.1) B ry? =030 —1 and Eo,:ry® =2 + 32+ 2.

These curves have potentially good reduction with semistability defect e = 24. We denote
by 7;, the inertial type of £;,. We have N = 0 for all 7,r as above. For reasons that will
shortly be clear, we also abbreviate Tex21 := 711 and Tex 29 := 721. Our final result is as
follows.

Theorem 7.1.2. Let E be an elliptic curve over Qg with potentially good reduction, semista-
bility defect ep = 24, conductor Ng and inertial type Tg. Then one of the following holds.
(a) If Ngp = 23, then Tp ~ Tex21-
(b) If Ngp = 2%, then Tp ™~ Tex21 ® €_4.
(¢) If Np =25, then Tp ™~ Texo1 ® €3 OT T = Tex 2.1 ® €_s.
(d) If Ng =27, then Tg is isomorphic to one of Tex 22, Tex22 ®E_4, Tex22 QEg O Tex22 @
£_8.

Proof. For i = 1,2 and r = +1, £2, let K;, := Q2(E;,), where E;, is given by (7.1.1). The
fields K, give the set of all §4—extensions of Q,, where §4 ~ GLy(F3) is the double cover of
Sy: see Bayer-Rio |2, Table 10]). Table 17 lists a polynomial whose splitting field is K; . for
each ¢ and 7.

Let K = Q2(E[3]), G = Gal(K |Q2) and L = Q4K be the inertial field of E. From the
proof of Lemma 3.2.5, we know that G ~ Sy a double cover of P(pg3) ~ Sy. Therefore,
there is a choice of 7,7 such that both 7 and 7;, fix the extension L D Qj". We have
Gal(L | Q4") ~ & ~ SLy(F3) by Lemma 3.2.1, and since there is only one irreducible GL4(C)-
representation of SLy(F3) whose image is contained in SLy(C), we conclude that 7 ~ 7, ,..

Note that, for r = —1,2, =2, the curve E,, is the quadratic twist of F;; by —4,8, =8,
respectively, therefore 7 1 > Tex 21 @4, T2 X Tex2,1®eg and Ty _9 ~ Tex 21 ®e_g. Similarly,
we obtain 7o 1 ™ Tex 29 ® €4, To o N Tex 22 ® g and Ty _g ™ Tex 09 @ £_g.

Finally, observe that the conductor of F ; is 2° and that of Ey; is 27, thus the eight types
split in the 4 cases of the theorem according to their conductors. 0

7.2. Explicit characters. Recall that, as in previous sections, we aim for an explicit de-
scription of the types in Theorem 7.1.2 in terms of characters. As explained in Section 2.3,
an exceptional type is determined by a triple (L, M, x), where L |Q, is a cubic extension,
M | L a quadratic extension and x: Wy, — C* a character such that y # x® where s is
conjugation on M | L. Furthermore, we only need to specify x on I;.

For the rest of this section, we write Fy := Qa(v/2).

Lemma 7.2.1. We keep the above notations. All fields K;, contain the cubic field Fy, and
the unique unramified quadratic extension Q4(¥/2) of Fy. Moreover:
(a) The fields Ky, r = £1,42, contain the two ramified quadratic extensions Qa(+v/2, o)

of F», where a_ is a root of v + 21 + /2 and o, a root of v + o + \3/52 + /2.
(b) The fields K., r = 1,42, contain the two ramified quadratic extensions Qy(¥/2, f+)
of Fy, where B_ is a root of x> + 2x + /2 + 2 and B4 a root of x> + 2z + /2 + 6.

Proof. Direct calculation with subfields. 0J
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Lemma 7.2.2. Let K = Q4(\3/§) or K = K;, be one of the extensions given in Lemma 7.2.1.
Then, Tables 11, 12, 13 and 14 gwe the structure and generators for the three groups U,

(Ox/§)* /Uy, and (Z[V/2]/a)"/U;.

Proof. The induction starts to get quite tricky, so we now only claim the content of the tables
up to a finite conductor exponent bound for which an explicit Magma calculation gives the
result [18]. (In principal, the general statement follows by the same kind of checks as in
Lemma 5.1.2.) O

Proposition 7.2.3. Let 7 be an exceptional type arising from E over Qs. Then 7'|1F2 15 one
of the (non-exceptional) supercuspidal types listed in Table 15.

Proof. Let T := ppl|;, be an exceptional type arising from E over Q. From Theorem 7.1.2
and its proof we know 7 corresponds to a field L := K, for some 7,r. Since F, and its two
conjugated extensions are the unique cubic extension of QQ; inside all the K;,, we conclude
that 7| Iy, 18 imprimitive by Proposition 2.3.13. Furthermore, 7| Iy, has conductor exponent
5, 8, 14, or 17. Let K | F5 be the quadratic extension from which 7| Iy, 1s induced. Let
x: Wg — C* be the character such that

T|IF2 = pE’1F2
where
pE|GF2 = Indf(2 X-
By the conductor exponent formula (2.3.5), x has conductor exponent 3, 6, 11, or 12. We
also know that
ker x* = Nmy (OF) /Us = (Ok /§)* /Uy.

In Table 16, we compute the norm group Nmyx(OF)/U; for each possible L and each of
the ramified quadratic extensions K | F;, listed in Lemma 7.2.1 (code at [18]). Since the
projective image of P(pg|ay,)) is isomorphic to Dy, we conclude that x is of order 4 on Ik.
Now, using all the previous constraints we determine the unique quadratic extension K | F;
from which 7| Iy, 1s induced, together with the corresponding character x. Indeed, the order
of the norm groups suffices to decide what is the correct quadratic extension in all cases.
For the correct quadratic extension K | Fy, Table 16 also gives the generators of ker x* in
terms of those of the group (O /§)*/Uj listed in Table 13. Table 15 contains, up to complex
conjugation, all the inertial types satisfying those conditions. Therefore, 7| I, Must be one
the types listed in it. 0

7.3. Explicit realization. In Table 17 we give all exceptional inertial types for elliptic
curves over Q; with potentially good reduction together with a curve realizing each type.
In particular, this shows that all the possible types over (Q; we compute indeed arise from
elliptic curves. A similar corollary holds as Corollary 5.3.4.
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U (—2v - 1)V + v+ D)2 +v—1
Q2(V/2,a4)
u1 V2P +1
U — 22o¢i -1
u3 (—2\3/§2+4)ai— {%/52— J2+3
Ugq (—\3@2—1-2)0&—\3/52—\3/54-1
Uus —o4 +1
Q2(V/2, B+)
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KR ||§] f | (O /D) /U;
1 (ug)~7/3
2 (ug)~7./6
3 (ug) = 7./12
5 4 (us) X (ug)~7/2 x Z/12
Q) | (ug) x (ug)=~ Z/2 x 7,/24
6 (ug) X (ug) X (ug)~7Z/2 x /2 x 7Z.]24
>7 (ur) x (ug) x (ug) x (uq) =~
72 x 225514 5 77250+« 7/(3 - 2L+
trivial
(us)~7/2
(us)~ 7Z./4
4,5 (ug) X (us)~Z/2 x /4
6,7 (uz) x (ug) X (us)~72/2x 2)2 x /4
5 8,9 (ug) x (ug) X (us)~Z/2 X /2 X /8
QV2,00) | P77 (ug) x (ug) x (1g) X (us)~ Z/2 x ZJ2 x /2 x T3
12,13 || (u1) x (u2) % (ug) x (ug) X (us)~Z/2 X Z/2 X /2 X ]2 x Z/8
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16,17 || (u1) x (u2) x (ug) x (ug) X (us)~ Z/2 XZL)2 X Z]2xZ]A%xZ/16
=18 || (u1) x (u2) X (ug) x (ua) x {us
7)2 x )2 x 7)25% +2 5 7, /2155 I+
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2,3 (us)~=7/2
4,5 (ug) X (us)~Z/2 x Z/2
6,7 (us) x (ug) X (us)~72/2 x ]2 X 7.]2
8,9 (ug) X (us) X (ug) X (us)~ZJ/2 X /2 X Z]2 X 7./2
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>20 || (u1) X (u2) X (uz) X (ug) x <
72 x 7)2 x T)2L 50048 5 7ol 5501438 7791550 143

TABLE 14. Group structure of (Og /f)* /U; for the quadratic extensions K | F5
contained in K, and Ky,, with r = +1,£2
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K H f ‘ f H ‘ values of y on generators H T| R, ‘ condexp(T|g,)

,
3 4 1 Tsc,p (QQ(%, Oé_|_>, 3, 4) 5
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12 || 4 ~1,1,1, —1,4 Toep(Qa(V/2, ay), 12, 4) 14
11 || 4 —1,1, —i, i Toep(Q2(V/2, B4), 11 4) 17
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. Q2(V/2,84) Z)2 x 7]2 x 7.)2 x 7./4
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By |l 11 Q2(¥/2,82) <U3u§,u2u4,u21L3U4u5> Z]2xZ]2 X Z]4 17
. Q2(V/2, 1) Z)2 x 7]2 x 7.)2 x 7./4
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