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ABSTRACT. In his pioneering work [Crelle’s Journal, 1955], Eichler established the theory of
trace formulas for Brandt matrices of quaternion orders. From it he derived a class number
formula for Eichler orders in a totally definite quaternion algebra D. Extending Eichler’s
work, Pizer [Crelle’s Journal, 1973] proved a formula for the type number of Eichler orders
in D. In this paper, we extend their results to the norm one group of D. More precisely,
we present a class number formula for the norm one group of D with respect to a class of
orders O, called residually unramified orders, which includes all Eichler orders. Our second
result gives a formula for the number of ideal classes in the spinor class of O, which refines
Eichler’s class number formula. It is worth mentioning that these class number formulas
not only depend on the genus of orders as Eichler and Pizer’s formulas, but also depend on
the orders themselves. We introduce certain auxiliary invariants in order to keep track of
the global information on the relationship between certain CM orders and O, and use them
to describe our formulas. Both our class number formulas make use of the optimal spinor
selectivity theory for quaternion orders.

1. INTRODUCTION

Let F' be a totally real number field, and D be a totally definite quaternion F-algebra,
that is, D ®p, R is isomorphic to the Hamilton quaternion algebra H for every embedding
o : F — R. Let Op be the ring of integers of F', and O be an Og-order (of full rank) in
D. By definition, the class number h(Q) is the cardinality of the finite set C1(O) of locally
principal right O-ideal classes in D. If we write O for the profinite completion of O, and D
for the ring of finite adeles of D, then

(1.1) h(O) = |CI(O)] = |D*\D*/O*|.
It is well known that h(O) depends only on the genus of O@. In other words, h(QO') =
h(O) for any other order O in the same genus as O, that is, there exists z € D* such
that @' = 2Oz~!. The class number h(O) can be computed by the Eichler class number
formula [40, Corollaire V.2.5, p. 144] (see also |21, Theorem 2], [41, Theorem 30.8.6] and
[44, Theorem 1.5]). To state this formula, we set up some notations related to certain
quadratic Op-orders called CM Op-orders.

Since D is totally definite, a quadratic field extension K/F embeds into D only if K/F

is a CM-extension (that is, a totally imaginary quadratic extension of the totally real field
F). An Op-order B of full rank in a CM-extension of F' will be called a CM Op-order. Let
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h(B) be the class number of B, and w(B) be the unit group index [B* : Of]. According to
[31, Remarks, p. 92] (cf. [23, §3.1] and [44, §3.3]) there are only finitely many CM Op-orders
B satisfying w(B) > 1, so we collect them into a finite set Z. For each finite prime p of F,
we write B, and O, for the p-adic completions of B and O respectively. Let Emb(B, O) be
the set of optimal embeddings of B into O, that is,

(1.2) Emb(B,O) := {¢ € Homp(K, D) | p(K)NO = ¢(B)}, where K = Frac(B).

The unit group O* acts on Emb(B, O) from the right by ¢ — u~'pu for all ¢ € Emb(B, O)
and u € O*. The number of orbits is finite both in the global and local cases, so we put

(1.3) m(B,0,0%) = [Emb(B, 0)/O%|,  m(By, Oy, O;) := [Emb(B,, 0,)/ O, .
Following [40, §V.2, p. 143], we write

(1.4) M(B) = 1 T ()
p

where the product runs over all finite primes p of F, and my(B) := m(By, Oy, O;°). The
product is well-defined since m,(B) = 1 for almost all p (|40, Theorem II.3.2]).

Theorem 1.1 (Eichler class number formula). Let F, D, O be as above. Then
1
h(0) = Mass(O) + 5 > (w(B) — 1)M(B).

Be#
Here Mass(Q) denotes the mass of O as defined in (3.1), and it can be computed by Koner’s

formula (3.9).

As the name suggests, this formula is first derived by Eichler himself |[16] for Eichler orders
of square-free level in a definite quaternion Q-algebra. It is further generalized by Pizer [32],
Vignéras [40], Korner [21] and many others. In terms of algebraic groups, the Eichler class
number formula can be regarded as a formula for the class number of the multiplicative group
G of D over F' (with respect to a suitable open compact subgroup of G(F')). Similarly, the
type number formulas of Pizer |31] and Koérner [21] can be interpreted as class number
formulas for the adjoint group G®¢. In this paper, we extend such formulas to the class
number formula for the derived group G4 and its variant. More explicitly, we present two
class number formulas for the following two quantities:

(1.5) hY(O) = |D\D'/OY,  he(O):=|D*\(D*D'0*)/0O%|.
Here for any set X C D, we put X! := {z € X | Nr(z) = 1}, where Nr : D — F' denotes the

reduced norm map. In particular, D! = ker(D* BNy <) = GYer(F). There is a canonical
surjection D'\ D' /O — D*\(D*D'O0*)/O*, so we always have h!(O) > he(O). The main
difference between computing h(QO) (or the type number t(O) of O) and h!(O) (or hy(O))
is that the class number h(OQ) depends only on the genus of O while the latter does not in
general. Thus for h'(O) and he.(O), the input datum O is not purely local and the output
class number formulas would be expected to include global information of O.

Note that if D is indefinite (that is, unramified at some infinite place of F') rather than
totally definite as we have assumed, then h'(O) = hs(O) = 1 by the strong approximation
theorem (|27, Theorem 7.7.5] or [40, Theorem II1.4.3]). This is precisely the reason why we

focus only on the totally definite case.
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The first class number h'(O) can be interpreted as follows. Let V' be an n-dimensional
right vector space over D, and ¢ : V X V — D be a positive definite quaternion Hermitian
form with respect to the canonical involution z — Z of D. By convention, 1 is D-linear in
its second variable and anti-linear in its first variable. A classical result of Shimura [37, §2.2]
shows that there exists an identification V' = D" such that v takes the form

(1.6) Y:D"x D" — D (z,y) — ijyz

Let G := U,(D, w) be the unitary group with respect to w as above. Given a right O-lattice
L in V, we write L for its profinite completion L ®y Z. Two O-lattices L and L' in V are
said to be isometric if there exists g € G( ) such that L' = gL and they are said to be
in the same genus if there exists © € G(F ) such that L' = zL. The number of isometric
classes of O-lattices in the genus of L is called the class number of L wzth respect to 1
and will be denoted by h(L,). If we write Stab(L L) for the stabilizer of L in G(F), then

h(L,v) = |G(F )\G( F)/Stab(L)|. When n = 1, the group G coincides with the reduced
norm one group D' of D (regarded as a linear algebraic group over F'), L is a fractional right

O-ideal in D, and Stab(L) = Oz( )N D', where O)(L) denotes the left order of L:
(1.7) O(L):={aeD|aL CL}.

Thus in this case h(L, ) = h*(O)(L)).

The computation of the class number h(L,1)) is a classical problem that has been studied
by many people. Suppose for the moment thaic F=Q aAnd (2 is a maximal order in D. If
dimp V' = 1, then the canonical map D'\ D'/O! — D*\D*/O* is a bijection because both
the narrow class group and the positive unit group of Z are trivial, so h'(O) = h(O) in
this case. In the 2-dimensional case, Hashimoto and Ibukiyama [18] obtained class number
formulas for arbitrary genera of maximal O-lattices (see |37, §2.3] for the notion of maximal
lattices). Hashimoto |17] also obtained a class number formula for the principal genus (that
is, L = O0%) in dimension 3 under the further assumption that the discriminant of D is a prime
number. Suppose now that F' is an arbitrary totally real field and keep the assumption that
O is maximal. In his habilitation thesis, Kirschmer [20, §9] gives a complete classification
of all definite quaternion hermitian lattices with class number at most two using computer
algorithms. For example, in the 1-dimensional case, he lists 69 totally definite quaternion
algebras over 29 different base fields F' that admit a hermitian lattice of class number one.
Independently using a different method, Ibukiyama, Karemaker and Yu [19] also give a
complete list of maximal O-lattices of class number one in the case F' = Q.

Now return to the general case where F' and O are both arbitrary. For the meaning of
hs.(O), we recall the following notions from [9, §1].

Definition 1.2. Two Opg-orders O and O’ in D are in the same spinor genus (and denoted
by O ~ @) if there exists x € D* D! such that @' = zOx~!. Similarly, two locally principal
right O-ideals I and I’ are in the same spinor class if there exists x € D*D' such that
I'=xl.

Note that every genus of Op-orders consists of finitely many spinor genera because any two
Op-orders having the same type lie in the same spinor genus and the type number is finite.

It is a straightforward exercise to check that both h'(O) and he.(O) depend only on the
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spinor genus of O. If we denote by Clg.(O) the set of locally principal right O-ideal classes
within the spinor class of O itself, then hy.(O) = |Cls.(O)|, so the subscript s in hs(O)
stands for “spinor class”. By definition, Cli.(O) is a subset of Cl(O). It will be shown in
that h(O) can be expressed as a finite sum of several hs.(O’) for various orders O,
so a class number formula for he.(QO) is naturally a refinement of the Eichler class number
formula for h(O).

In a special case, the class number Ay (O) can also be interpreted as follows. Let C17(Op)
be the narrow class group of Op. There is a canonical surjective map Nr : C1(O) — C17(Op)
that sends each locally principal right O-ideal class [I] to the narrow Op-ideal class [Nr(7)].
If Nr(O%) = 6; (e.g. if O is an Eichler order), then two locally principal right O-ideals I
and I’ are in the same spinor class if and only if their reduced norms Nr(I) and Nr(I’)
belong to the same narrow Op-ideal class. In this case, Cle(O) is the neutral fiber of
Nr: CL(O) = CI"(Op), and hs(O) measures its cardinality. From (2.12)), the cardinality of
any other fiber is also given by hg. (') for a suitable O'.

To state our formulas for h!'(O) and hy.(O), we need some more notations. For each CM
Op-order B, let p(B) be the group of roots of unity in B. We put

(1.8) B' .= {B| B is a CM Op-order with |u(B)| > 2}.

Note that 2" is a subset of the finite set % appearing in the Eichler class number formula,
so it is finite as well. Given a CM Op-order B, whether there exists an optimal embedding
of B into some order O in the same spinor genus as O is encoded in the following optimal
spinor selectivity symbol:

1 if 3O’ such that O’ ~ O and Emb(B,O’) # (),
0 otherwise.

(1.9) A(B,0) = {
Clearly, if A(B,O) = 1, then my,(B) # 0 for every finite prime p of F'. Conversely, whether
the latter condition implies that A(B,O) = 1 or not is the central question of the optimal
spinor selectivity theory [1,26,30,47] [41, §31]. A fundamental object of this theory is a class
field X/F attached to the genus of O (see Definition [2.3). For example, if m,(B) # 0 for
every finite prime p of F' and the fractional field Frac(B) of B is not contained in X, then
we do have A(B,O) = 1 by Theorem [2.5] Naturally, we define the following symbol

1 if Frac(B) C %
0 otherwise.

(1.10) s(B,0) = {

A completely local characterization of the containment Frac(B) C X is given in Lemma .
If s(B,0) =1, then A(B, Q) can be computed using formulas , and . Lastly,
we write h(F) (resp. h™(F)) for the wide (resp. narrow) class number of F.

Different from the Eichler class number formula, our current class number formulas do not
apply to any arbitrary O. Rather, we need O to be residually unramified. See Definition [2.1
for the meaning of this notion, and Remark for why such an assumption is necessary.
Nevertheless, since any Eichler order is residually unramified by [41, Lemma 24.3.6], our
form/glas doAapply to a large class of arithmetically important quaternion orders. Moreover,
Nr(O*) = Oj for any residually unramified order O by (2.3), so the class number formula

for hy(O) counts the neutral fiber of Nr: CI(O) — C17(Op) as explained above.
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Theorem 1.3. Suppose that O is a residually unramified Op-order in D. Then

(1.11) h'(O) = 2Mass' (0) + ﬁ Z 2BOIN(B, O)(|u(B)| — 2)M (B),
(1.12) hee(©) = Mass,.(O) 2h+ Z 2BON(B, O)(w(B) — 1)M(B).

Here Mass'(O) and Massy.(Q) can be computed by the mass formulas (3.13) and (3.§) re-
spectively. The summation in ranges over 9B' while the one in ranges over

AB.
If further D is ramified at some finite prime of F, then both h'(O) and hs(O) depend
only on the genus of O, and they are given by

(1.13) h'(O) = 2Mass'(O) + ﬁ > (|w(B)| - 2)M(B),
Be#t

(1.14) hee (0) = Massw () + th( £ 2 (w(B) ~ DM (B).
Be#A

In this case we have he.(O) = h(O)/hT(F). Particularly, h(O) is divisible by h*(F).

If we drop the condition that D is ramified at some finite prime of F, then h(Q) is
not necessarily divisible by AT (F) anymore; see [44, Table 1, p. 676] for some examples.
Nevertheless, as a direct application of , it has been shown by Yucui Lin and the first
named author in [24] that h(Q) is always divisible by h(F) regardless of the ramification of
D over F. Such divisibility results closely mirror those of CM-extensions [42, Theorem 4.10]:
namely, if K/F is a CM-extension, then h(K) is divisible by h(F), and if K/F is further
assumed to be ramified at some finite prime of F, then h(K) is divisible by A™(F).

Among the formulas in Theorem , the ones for A'(O) are most challenging to compute,
so we devote the whole Section {4 to this task. Comparably, the formulas of hy(O) can
be obtained by the same method for the Eichler class number formula, so they are merely
sketched in the second half of Section [3l R

Since D is totally definite, D' is discrete and cocompact in D'. Hence a standard tool
for computing h'(O) is the well-known Selberg trace formula for compact quotient. This
formula consists of finitely many orbital integrals, each corresponding to a D!-conjugacy
class as in . Naively, one might expect that our formula for h'(QO) is obtained simply
by working out the orbital integrals one by one. This was the approach when we tried a few
concrete examples, but immediately we are confronted with certain mysterious cancellations
that cannot be explained by such a method; see Remark for details. To uncover the
mechanism behind this cancellation, we first cut the orbital integrals into pieces as in (4.26)),
with each piece giving rise to optimal embeddings of the same CM Op-order B into O. The
pieces with the same B and corresponding to those D!-conjugacy classes lying within the
same D*-conjugacy class are then grouped together in . As we eventually discover
in Proposition the combined pieces of orbital integrals are related to the spinor trace
formula developed by the authors in [47, Proposition 4.3] (see Proposition . However,
such a connection is in no way obvious. Major efforts are spent in Section [ to forge the

links, and the main technicality of the present paper arises this way.
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One of our motivations for developing the class number formulas for h'(O) and hg.(O)
is to count certain abelian surfaces over finite fields. From the Honda-Tate theorem [38|
Theorem 1], given a prime number p € N, there is a unique isogeny class of simple abelian
surfaces over the prime finite field F,, corresponding to the real Weil numbers 7 = +,/p.
Let F' = Q(/p), and D, := Endg,(X) ®z Q be the endomorphism algebra of an arbitrary
member X/F, in this isogeny class. Then X is necessarily superspecial, and D, is equal to
the unique totally definite quaternion F-algebra D, «, that is unramified at all finite places
of F. In another paper [45] by the present authors, we work out explicitly the class numbers
h*(0) and he.(Q) for every maximal Op-order @ in D, «,. It is shown there that h'(0)
(resp. hs.(0)) counts the number of isomorphism classes of polarized (resp. unpolarized)
abelian surfaces within certain genus in this isogeny class. Thus our class number formulas
pave the way for explicit formulas for the number [PPAV(,/p )| of F,-isomorphism classes of
principally polarized abelian surfaces in this isogeny class. For example, for p > 5 we show
that [PPAV(,/p)| is equal to

(9—2(5)) CF(;1)+3h<;p)+(3+<§)) h<_63p) ifp=1 (mod 4),

and it is equal to

CF(2—1) n (11 _ 3(]%)) h(;ﬁ) n h(—63p) ifp=3 (mod 4).

Here <5> denotes the Legendre symbol, and h(d) denotes the class number of the quadratic

field Q(Vd ).

This paper is organized as follows. In Section [2| we give a brief review of the optimal
spinor selectivity theory. The meanings of the symbols A(B, O), s(B, Q) and their methods
of calculation will be explained in more details. In Section |3 we (re)produce the mass
formulas and sketch a proof for the formula of hs.(O). Section [4] constitutes the core part of
this paper, where we derive the formula for 2'(O).

2. OPTIMAL SPINOR SELECTIVITY THEORY

In this section, we review briefly the optimal spinor selectivity theory. Crucial to our
class number formulas is the spinor trace formula , which involves both the symbols
A(B,0) and s(B, ). Our main reference to this section is the paper [47] by the present
authors. See also Chapter 31 of Voight’s book [41]. There is no need to assume that the
quaternion algebra D is totally definite yet, so F' is allowed to be an arbitrary number field in
this section. Throughout this section, B denotes an Og-order in a quadratic field extension
K/F that embeds into D.

Given a locally principal right O-ideal I in D, we write [I] for its ideal class. The set
of locally principal right O-ideal classes is denoted by Cl(O). A key to the proof of the
Eichler class number formula for h(Q) := |Cl1(O)] is the following well-known trace formula
[40, Theorem II1.5.11] (cf. [41, Theorem 30.4.7], [44, Lemma 3.2.1] and [43, Lemma 3.2]) for
optimal embeddings:

(2.1) > m(B,O(I),0,(I)) = h(B) ] [ mp(B),
[1]eC1(0) p
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where O(I) is the left order of I defined in (1.7)), and the product runs over all finite primes
p of F'. The spinor trace formula is a refinement of the above trace formula by grouping the
right O-ideal classes into spinor classes (see Deﬁnition. Unfortunately, for this refinement
to hold without prior restrictions on B, we need to assume that O is residually unramified.

To explain this notion, we recall the definition of Eichler invariant from [8, Definition 1.§]
and |41, Definition 24.3.2].

Definition 2.1. (1) Let p be a prime ideal of O, €, := Op/p be the finite residue field, and
e, /€, be the unique quadratic field extension. Let Op, and O, be the p-adic completions of
Or and O respectively. When O, is not isomorphic to the matrix ring M>(Op, ), the quotient
of O, by its Jacobson radical J(O,) falls into the following three cases:

O, /3(0p) >~ &, x &y, £, or E;,

and the Fichler invariant e,(O) of O at p is defined to be 1,0, —1 accordingly. As a conven-
tion, if O, ~ M3(Op,), then its Eichler invariant at p is defined to be 2.

(2) We say that O is residually unramified at p if e,(O) # 0. If e,(O) # 0 for every finite
prime p of F', then we simply say that O is residually unramified.

For example, if p is ramified in D and O, is maximal, then e,(O) = —1. It is shown
in [8, Proposition 2.1] that e,(O) = 1 if and only if O, is a non-maximal Eichler order
(particularly, p is split in D). Let n be a nonzero ideal of O such that no prime divisor of
n is ramified in D. If O is an Eichler order of level n, then

1 if pim;
(2.2) ep(0) = ¢ —1 if p is ramified in D;
2 otherwise.

This shows that all Eichler orders are residually unramified.

Remark 2.2. From [8, Corollary 2.4 and Proposition 3.1], a residually unramified order O
is automatically Bass (in particular, Gorenstein), so any Op-lattice L of full rank in D with
O,(L) = O is automatically locally principal as a left O-ideal by |10, Example 2.6]. Moreover,
it has been shown in the proof of [47, Lemma 2.17] that if O is residually unramified, then

(2.3) Nr(O0*) = O3.

We return to the assumption that O is arbitrary. By definition, a genus of orders in D is an
equivalence class of orders that are locally isomorphic at every finite prime of F'. The notion
of spinor genus of Op-orders has already appeared in Definition [1.2] Let & (resp. [O]yg) be
the genus (resp. spinor genus) of @. More explicitly,

4 = {O'| 3z € D* such that @' = 20z},
[O]sg :={0" | Tz € D*D" such that O’ = 202"} C 9.

The set of spinor genera within ¢ is denoted by SG(¥), that is, SG(¥4) := {[O']sz | O’ € ¥}.
Often we write SG(O) for SG(¥¢) and regard it as a pointed set with the base point [O]y,. For
simplicity let us put F; = Nr(D*), where Nr : D* — F* is the reduced norm map. From
the Hasse-Schilling-Maass theorem [35, Theorem 33.15] [40, Theorem II1.4.1], FJ coincides

with the subgroup of F'* consisting of the elements that are positive at each infinite place
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of F ramified in D. Let A'(O) be the normalizer of O in D*. The pointed set SG(O) can
be described adelically as follows

(2.4) SG(0) = (D*DY)\D* /N (0) =5 Fy\F*/Ne(W(0)),

where the two double coset spaces are canonically bijective via the reduced norm map.
Clearly, Nr(N(O)) depends only on the genus ¢ and not on the particular choice of O € ¥.

Definition 2.3 ([2, §2], [25, §3]). The spinor genus ﬁeldﬂ of ¢ is the abelian field extension

¥/F corresponding to the open subgroup Fj Nr(N (©)) C F* via the class field theory
[22, Theorem X.5].

Since Nr(NV(O)) is an open subgroup of F* containing (F*)2, the Galois group Gal($/F)
is a finite elementary 2-group [25, Proposition 3.5]. We have a canonical identification of
pointed sets

(2.5) SG(O) ~ FA\F*/Nr(N(0)) ~ Gal(S/F),

where the base point [0y, is identified with the identity element of Gal(¥/F'). Given another
order 0" € ¢, we define p(O, ') to be the element of Gal(X/F) identified with [O'], €

SG(O) via . More explicitly, if O’ = zOz~! for some € D*, then p(0,0') =
(Nr(z),X/F), where a — (a,X/F) is the Artin map on the finite idele group F*. Write the
group law of Gal(X/F) additively. Then p(O, Q') enjoys the following properties:

(a) p(O,0") =0 if and only if O ~ O,

(b) p(o, O/) = p(olv 0)7

(c) p(O,0") = p(0,0') + p(O', 0").
When ¢ is a genus of residually unramified orders, p(O,Q’) can be computed as follows.
There exists an Op-lattice I C D linking O and O’ in the sense that [ is locally principal
right O-ideal with O;(I) = O'. Then p(O,0’) € Gal(X/F) is given by the Artin symbol
(Nr(I),%/F). Here the Artin symbol is well-defined since Nr(O*) = OX by ([2-3), so B/F is
unramified at all the finite places of F.

Now let ¢ be an arbitrary genus of Op-orders in D. Recall that B denotes an Op-order

in a quadratic field extension K/F that embeds into D. Let A(B, Q) be the symbol defined
in (L.9). The reason that it is called the optimal spinor selectivity symbol is as follows.

Definition 2.4. We say B is optimally spinor selective for the genus ¢4 if A(B,O) =1 for
some but not all [O]y, € SG(¥). If B is selective for ¢, then a spinor genus [O]s, with
A(B,0) =1 is said to be selected by B.

As mentioned in the introduction, if A(B,O) = 1 for some O € ¢, then m,(B) # 0 for
every finite prime p of F. Note that the latter condition depends only on ¢ and not on the
particular choice of O € ¢. Conversely, whether and when the condition m,(B) # 0 for
every p implies that A(B,O) = 1 for every [O] € SG(¥) are the central questions of the
optimal spinor selectivity theory. The importance of the symbol s(B, Q) defined in

IThis field is often called the spinor class field in the literature [2013,/4], but that can be easily mixed
up with the notion of spinor class here. On the other hand, if F' is a quadratic field, and O is an Eichler
order, then Y is a subfield of the classical (strict) genus field in [13| Definition 15.29] or [15], §6], so the
terminology is consistent in that sense.
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is clear by the following theorem, which is obtained by combining [47, Theorem 2.15 and
Corollary 2.16].

Theorem 2.5. Let 9 be a genus of residually unramified Op-orders in D, and B be an Op-
order in a quadratic field extension K/F that embeds into D. Suppose that m,(B) # 0 for
every finite prime p of F'. Then B is optimally spinor selective for 4 if and only if K C X.
If B is optimally spinor selective, then

(1) for any two orders O,0' € 94,
(2.6) A(B,0) = p(O, O/)‘K+A<Bv(9/)7

where p(O, O')|k is the restriction of p(O,O') € Gal(X/F) to K, and the summation
on the right is taken inside Z /27 with the canonical identification Gal(K/F) ~ Z/2Z;
(2) exactly half of the spinor genera in SG(¥) are selected by B.

The above theorem was first obtained by Maclachlan [26] for Eichler orders of square-free
levels, and it was extended to Eichler orders of arbitrary levels independently by Arenas et
al |1] and by Voight |41, Chapter 31]. See |47, Theorem 2.15] and [30, Theorem 2.6] for more
general theorems where the “residually unramified” assumption is dropped.

As soon as the value of A(B,Q) is known for one order O, we can use formula
to compute all other A(B,Q’). This formula can be generalized a little further when ¢
is a genus of Eichler orders. Let f(B) be the conductor of B, that is, f(B) is the unique
Op-ideal §(B) C Op such that B = Op + f(B)Og. If B’ is another order in K, we put
f(B'/B) := {(B")"'(B) and call it the relative conductor of B with respect to B'.

Proposition 2.6. Let & be a genus of Eichler orders in D, and K be a quadratic field
extension of F' that embeds into D. Let B and B’ be Op-orders in K satisfying m,(B) # 0
and my,(B') # 0 for all finite primes p of F'. Suppose that K C ¥ so that both B and B’ are
optimally spinor selective for 4. Then

(2.7) A(B,0) = (}{(B'/B),K/F) + p(0,0)|x + A(B',0'),

where (§(B'/B), K/F) is the Artin symbol. In particular, if B = ¢ *(O) for some F-
embedding p : K — D, then

(2.8) A(B,0) = (}{(B'/B),K/F) + 1.

Here the assumption K C ¥ implies that K is unramified at all the finite places of F'
by Lemma [2.7| below, so the Artin symbol (f(B'/B), K/F) is well-defined. The proposition
above is first obtained by Maclachlan [26] for Eichler orders of square-free levels, and it is
extended to Eichler orders of arbitrary levels by the current authors in |47, §3].

We give a local criterion for the inclusion K C ¥, which enables us to compute the symbol
s(B, O) easily when O is residually unramfied (cf. [30, Proposition 2.9]). Let 9(O) be the
reduced discriminant [40, §1.4, p. 24] of O, which is an integral ideal of Op. For each prime
p, we write v, : F”* — Z for the normalized discrete valuation of F' attached to p.

Lemma 2.7. Let ¢ be a genus of residually unramified orders in D, and K be a quadratic
field extension of F' that embeds into D. Then K C X if and only if both of the following
conditions hold:

(a) the extension K/F and the quaternion F-algebra D are unramified at every finite

prime p of F' and ramify at exactly the same (possibly empty) set of infinite places;
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(b) if p is a finite prime of F' with v,(0(O0)) =1 (mod 2), then p splits in K.

Once again the above lemma is a generalization of |41, Proposition 31.2.1] (see also |1,
Theorem 1.1(3)] and [25, Proposition 5.11]). It is obtained in the current form by the authors
in [47, Lemma 2.17].

Finally, we move on to the spinor trace formula. For the moment, we assume that O is
an arbitrary Op-order in D. The notion of spinor class of locally principal right O-ideals
has already appeared in Definition Note that if I and I’ belong to the same spinor
class, then their left orders O;(1) and O;(I’) belong to the same spinor genus. The set of all
locally principal right O-ideals I” in the same spinor class as I will be denoted by [[]s.. Let
Cl(O, [I]s) be the set of ideal classes in [/]s, that is

(2.9) ClO, [I]se) :=A{[I'] € CUO) | [I'] € [T]se}-

With this notation, the set Cls.(O) considered in the introduction is just C1(O, [Ols).
Let SCI(O) be the set of spinor classes of locally principal right O-ideals, regarded as a
pointed set with base point [Ols.. It admits an adelic description as follows

(2.10) SCI(O) ~ (D*DY)\D* /O~ Nj FX\F*/Nr(0*),

where the two double coset spaces are canonically bijective via the reduced norm map. This
equips SCI(O) with a group structure (whose identity element is [O]s.), so we call it the
spinor class group.

By definition, the ideal class set Cl(Q) is partitioned into a finite disjoint union

(2.11) cao)= JI <o)

[ }seGSCl )

Let 7! be the inverse ideal of I as defined in [40, §1.4, p. 21], that is, I™! := {a € D |
Ial C I}. Then I7' is a locally principal left O-ideal whose right order coincides with
Oy(I) = I17'. Right multiplication by I~! induces a bijection

{locally principal right O-ideals} — {locally principal right O,;(I)-ideals},
which preserves spinor classes, ideal classes, and left orders. In particular, it induces a
bijection
(2.12) Cl(O, [I]s) =~ Cls(Oy(1)).
From we get
(2.13) WO)= > he(OD)),

[I]sc€SCL(O)

so the class number formula for hy(O) is indeed a refinement of the Eichler class number
formula for hA(Q). As mentioned in the introduction, hs(O) depends only on the spinor
genus of O, so0 hs(O;(I)) does not depend on the choice of the representative I of [[]s.
Following [40 IIL.5, ) D 88], we define the restricted class number of F with respect to D
as hp(F) := |FX/(F>< #)|. If O is residually unramified, then Nr((’)x) OX by . Thus
|ISCI(O)| = hp(F) for re81dually unramified O by - Now the followmg spinor trace

formula is a special case of the one given in [47, Proposition 4.3].
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Proposition 2.8 (Spinor trace formula). Let O be a residually unramified Op-order in D,
and B be an Op-order in a quadratic field extension K/F that embeds into D. Then we have

s(B,0)
(214) > B0, 0i) = T I Ty (1)

[11€Clsc(0) p

If further D is assumed to be ramified at some finite prime of F', then

(2.15) > m(B,O(I),0(1)) = MB) [Tm(B).
hp(F)
[1]€Clsc(O) p

Note that is just a specialized form of . Indeed, if D is ramified at some finite
place of F, then s(B,O) = 0 (that is, Frac(B) ¢ ¥) by Lemma 2.7, Now it follows from
Theorem [2.5 that A(B, O) [[, my(B) = [], mp(B). More explicitly, if m,(B) # 0 for every
finite prime p of F, then A(B, O0) = 1, otherwise A(B,O) =[], my(B) = 0.

The spinor trace formula is a refinement of the trace formula . When D satisfies the
Eichler condition (that is, D is indefinite), Brzezinski [9, Proposition 1.1] shows that each
spinor genus of Op-orders contains exactly one D*-conjugacy class, and each spinor class of
locally principal right O-ideals contains exactly one ideal class. Thus in this case Clg.(O)
is a singleton with the unique member [O], and the summation on the left hand of
contains only the term m(B, O, O0*).

The spinor trace formula was first studied by Vignéras in the indefinite context for Eichler
orders in [40, Corollaire I11.5.17]. However, it was pointed out by Chinburg and Friedman
in |12, Remark 3.4] that her formula needs to be adjusted to account for the overlooked
exceptional cases where (optimal spinor) selectivity does occur. Indeed, it was them who
coined the term “selectivity”. The corrected formula was worked out by Voight in [41],
Theorem 31.1.7(c) and Corollary 31.1.10] under the same assumption as Vignéras’s. The
formula is further generalized to the totally definite case by the current authors for the
purpose of the present paper.

Remark 2.9. The reason that we assume O to be residually unramified is that only in this
case, the spinor trace formula is currently known to hold without further restrictions on
B. This is also precisely the reason why we make the same assumption on O in Theorem [I.3]
As soon as this assumption is dropped, the criterion for optimal spinor selectivity can become
very complicated. Compare Theorem with [30, Theorem 2.6]. In the more general case,
there are examples of pair of orders O and B in 30, §5] where s(B,O) = 1 yet B is non-
selective for the genus of 0. For such orders it is unknown whether remains true or
not. See [47, Remark 4.4] for more details.

Lastly, suppose that F'is a totally real field, and D is a totally definite quaternion algebra.
We provide a formula for SCI(O) in this case for an arbitrary O. Let F[ be the group of
totally positive elements of F'*, and Oy, = F} N Op. The subgroup of O, consisting
of all perfect squares in O} is denoted by Of?. Since D is totally definite, F}; = F, and
hp(F) = h*(F), the narrow class number of F. From [14, Lemma 11.6], we have

(2.16) h*(F) = h(F) Of 0.
Lemma 2.10. Let F' and D be as above, and O be an arbitrary order in D. Then
(2.17) ISCL(O)| = h(F)[OF : Nx(O)][(O5., N N£(0%)) : 052

11



In particular, if O is residually unramified, then |SCI(O)| = h*(F).
Proof. A straightforward calculation shows that

(2.18) _|shc+1<(g)| = [F{ O}« Y Ne(0*)] =

OF :Ne(0)]
[O;,-i- : (O;H- N NI(OX))]

Plugging (12.16]) into (2.18)), we obtain (2.17]) by observing that (O;HrﬂNr(@X)) D Of?. The
last part is a special case of the identity [SCI(O)| = hp(F") for residually unramified orders
as observed right before Proposition [2.8] O

3. THE MASS FORMULAS AND THE FORMULA FOR hg.(O)

The goal of this section is twofold. We first (re)produce the mass formulas for Mass'(O)
and Massg.(O) following the expositions in [44] §5] and [48, §2], and then move on to the
class number formula for hy(O) := |Cli.(O)|. The derivation of the formula for hs.(O)
follows exactly the same line of argument as that for the Eichler class number formula
[40, Corollaire V.2.5, p. 144], so we merely provide a brief sketch. Throughout this section,
F denotes a totally real field, and D a totally definite quaternion F-algebra. For each nonzero
ideal a C Op, we put N(a) = |Of/al.

Let O be an arbitrary Op-order in D with reduced discriminant 9(0O), and Cl(O) be
the right O-ideal class set. Since D is totally definite, O*/Op is a finite group by [40,
Theorem V.1.2]. By definition, the mass of O is the following weighted sum

1
(3.1) Mass(O) := Z CIGERk

[1]eC1(0)

where O;(I) is the left order of I in (1.7)). It is first shown by Korner [21] (cf. [48, Corol-
lary 4.3]) that

h(F)|Cr(=1)[N((0)) 11 1-N(p)~*
2 oy 1 T @O NE™

where n = [F : Q], and ¢,(0O) is the Eichler invariant in Definition 2.1} Here (p(s) is the
Dedekind (-function of F', whose special values at all negative odd integers are rational
[50, Theorem, p. 59]. It is easy to see from the functional equation [22, §XIII1.3, Theorem 2]
that sgn(Cr(—1)) = (—1)"

As usual, the spinor class mass is a refinement of Mass(Q). For each spinor class [J]s €
SCI(O), we define

1
(3.3) Mass(O, [J) = Y
[11€C1(O,[J]sc) [Ol(]) : OF]

where Cl(O, [J]s.) denotes the set of ideal classes in [J]s. as in (2.9). For simplicity, put
Masss.(O) := Mass(O, [O]x.).

(3.2) Mass(O) =

Lemma 3.1. The mass is equi-distributed among the spinor classes, so
_ Mass(0O)

(3.4) Mass(O, [J]sc) = SCI(O)| V [J]se € SCL(O).
12



Proof. We recall the volume interpretation of Mass(Q) from [44) §5]. Consider the following
groups

(3.5) H:=D*/0%,  U:=0%/0%  Q:=D*0}/0} ~ D*/OZ.

Clearly, H is a locally compact topological group, and U is an open compact subgroup of
H. 1t is well known that the group of finite adelic points of a connected reductive linear
algebraic group over F'is unimodular. In particular, D> is unimodular, and hence H itself
is unimodular by |28, Proposition 22, §I1.5]. We normalize the Haar measure on H so that
Vol(U) = 1. Since O* /Oy is finite, the group 2 is discrete in H, and it is also cocompact
by [40, Theoreme Fondamental, pp. 61-62] or [33, Theorem 5.2]. Equip 2 with the counting
measure. From [44, Lemma 5.1.1], we have Mass(O) = Vol(Q\H), where the homogeneous
space Q\ H is equipped with the unique induced right H- 1nvar1ant measure [28, Corollary 4,
§II1.4]. Given a locally principal right O-ideal J, we write J = 20 for some z € D*. From

(2.10)), the spinor class [J]s € SCI(O) corresponds to the double coset D* D'zO*. The same
proof as that of [44, Lemma 5.1.1] shows that

Mass(O, []u) = Vol (Q\(D* D'20* /05)) L Vol (Q\(D* D'z0*z~"/O}))
Y vol (Q\(Dxﬁl(ax/@\;)) = Mass(O, [O]x)-

Here (}) follows from the right H-invariance of the measure on Q\H, and (f) follows from

the equality D'zO*z~1 = D'O*. The lemma is proved. O
A formula for [SCI(O)] has already been worked out in (2.17). Let us put
(3.6) u(0) = (0}, NNr(0%)) : O3
Combining (3.4) and - we get
—1)|N 1 —N(p)™2
. M (0) - [ CDINEO) ()

20105 - Nr(O)u(0) jiaipy L — @ (O)N(p) ™

For example, if O is residually unramified, then Nr(@x) = 6; by ([2.3)), and

¢r(=1)[N(2(0)) 11 1—N(p)~?
P (O O 1—e,(O)N(p)—+

(3.8) Mass;.(O) =
p[2(0)
Next, we recall the definition and meaning of Mass'(O). Let D' be reduced norm one

group of D, regarded as semisimple algebraic group over F. Functorially, D' represents the
functor sending every commutative F-algebra R to

(3.9) DY(R) :={g € (D®r R)* | Nr(g) = gg = 1}.

Thus D! = Ql(ﬁ ) is a locally compact unimodular group, and O! is an open compact
subgroup of D'. We normalize the Haar measure on D! so that Vol(O') = 1. From [40,
Lemma V.1.1], O! = D'NO' is a finite group, so D! = D'(F) is discrete in D*. and we equip
it with the counting measure. From the equivalent conditions in [48| Proposition 2.1], D is
cocompact in Aﬁl, which is also clear by [33, Theorem 5.2]. For simplicity, put £ := h'(O). Let

21, @ € D! be a complete set of representatives for the double coset space D'\ D'/O*.
13



For each 1 < i < /¢, we write O; for the Op-order D N xi@xi’l. By definition, Mass'(O) is
the following weighted sum
¢ ¢

(3.10) Mass' (0) == > |D' N0z = |0}

i=1 i=1
Thanks to |48, Lemma 2.2], we have
(3.11) Mass'(0) = Vol(D'\D").
It follows that Mass'(©) depends only on the genus of O.

Combining [48, Theorem 3.2, Corollary 3.8 and Corollary 4.3], we obtain
G (-DINQO) T 1-N(B)?
27[07F : Nr(O0>)] oio(0) 1 —¢,(O)N(p)~!

(3.12) Mass'(O) =

In particular, if O is residually unramified, then Nr(@x) = 5;, and

a5 (0) — [P (=DING(O) 1 - N(p)~?
(3.13) Mass' (O) o pg)l_ep(o)N(p)_l.

For the last part of this section, we assume that O is residually unramified and write
down a formula for hs.(O). Keep the notation of Theorems and [L.3] In particular, 2
denotes the finite set of CM Op-orders B with w B) > 1 Where w(B) = [B* : OF]. Let

M(B),A(B,0),s(B,0) be as defined in (L.4), (L.9), (1.10) respectively.
Theorem 3.2. Suppose that O is reszdually unramified. Then

(3.14) hse(O) = Massy.(O) 2h+ Z 2BON(B, O)(w(B) — 1)M(B),

where Masss.(O) can be computed by (3.8 .
If further D is ramified at some finite prime of F, then hs.(O) depends only on the genus
of O, and it is given by
1
2h+(F)

(3.15) hee(©) = Mass.(O) + > (w(B) - 1)M(B).
Be#
In this case every spinor class of locally principal right O-ideals contains the same number

of ideal classes, so h(O) = h™(F)hs.(O).

Proof. Formula is just a specialized version of ; see a remark below Proposi-
tion 2.8 It is clear from and that he(O) depends only on the genus of O when
D is ramified at some finite place of F'. Combining with and , we see that the
ideal classes are equi-distributed among the spinor classes, and hence h(Q) = h™(F)hs(O).

The proof of follows exactly the same argument as those for [40, Corollary V.2.5]
and [44, Theorem 1.5], so we merely provide a sketch here. Let h = |Cl(O)|, and I1,--- , I
be a complete set of representatives for the full ideal class set CI(O). Put r = h(O), and
arrange the ideals so that [[;] € Cls.(O) for each 1 <14 < r. For every integral ideal a C Op,
there is an h x h integral matrix B(a) = (B;;(a)) called the Brandt matriz attached to a as

in [44, Definition 3.1.3]. Each entry B8,;;(a) € Z is non-negative, and all the diagonal entries
14



B;i(a) = 0 unless a is principal and generated by a totally positive element. We define the
spinor Brandt matrix attached to a as

(3.16) B (a) := (By(a))1<ij<r-

In other words, B.(a) is just the upper-left (r x r)-block of B(a). Suppose that a C Op
is a principal integral ideal generated by a totally positive element a. Fix a complete set

/" = {e1,--- &} of representatives for the finite elementary 2-group Of , / OF?. For each
CM Op-order B, we define a finite set
(3.17) Tpa:={r € BN\ Op | Ng/p(x) = ca for some ¢ € ./},

where K is the fractional field of B. Let %, be the set of CM Og-orders B with T, # 0.
For example, if a = Op, then %, coincides with the set # considered above. In general,
B, is always a finite set, which can be proved in a similar way as the finiteness of %' as
explained right after Remark in the next section. Mimicking the proof of the Eichler
trace formula [40, Proposition 2.4] (cf. [44, Theorem 3.3.7]), we obtain a trace formula for
Tr(Bgc(a)) as follows:

(3.18) Tr(Bee(a)) = 0y Mass.o(O) 4h+ Zzswo O)M(B)|Ts.dl,

Bef?

where ¢, takes the value 1 or 0 depending on whether a is the square of a principal ideal or
not. Indeed, can be proved in exactly the same way as |44, Theorem 3.3.7]. The only
adjustment needed is to apply the spinor mass formula and the spinor trace formula
(2.14) when summing up the diagonal entries B;;(a) in [44, (3.15)]. This is precisely the
place where we have used the residually unramified assumption on O. Lastly, note that
B;i(a) =1 for every 1 <i < h when a = Op, 50 hs(O) = Tr(Bs.(Op)). It has been shown
in the proof of [44, Corollary 3.3.8] that |T50,| = 2(w(B) — 1). The class number formula
(3.14) is now a direct consequence of . ([l

4. THE CLASS NUMBER FORMULA FOR h'(O)

Keep the notation and the assumptions of the previous section. In particular, F' is a
totally real field, and D is a totally definite quaternion F-algebra. Recall from that
' denotes the finite set of CM Op-orders B with |u(B)| > 2, where u(B) is the group of
roots of unity in B. The main result of this section is the following theorem, which connects
the class number h'(Q) with the left hand side of the spinor trace formula ([2.14]).

Theorem 4.1. For any arbitrary Op-order O in D, we have
h'(O) =2Mass'(O)
(4.1) u(0) (In(B)| - 2) x
Be#! [1€Cle(0)

where Mass' (O) can be computed by (3.12), and u(O) = [(O§’+ﬂNr((/’)\X)) 1 0% as in (3.6).

Recall that if O is residually unramified, then Nr(@x) = 6; by (2.3)), and hence u(O) =
[0F .+ OF?]. In particular h*(F) = h(F)u(O) by (2.16). Combining Theorem with
Proposition [2.8] we immediately obtain the following corollary.
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Corollary 4.2. Suppose that O is residually unramified. Then

(4.2) RY(O) = 2 Mass* (O) + ﬁ > 2BOA(B,0)(|w(B)| - 2)M(B),
Be#!

where Mass' (O) can be computed by (3-13), and s(B,O), A(B, ), M(B) are given in
, respectively.

If further D is ramified at some finite prime of F', then h*(O) depends only on the genus
of O, and it is given by

(4.3) h'(O) = 2 Mass! (0) + ﬁ > (Iw(B)| - 2)M(B).
Be#t

Remark 4.3. If we drop the assumption that O is residually unramified, and assume instead
that at least one of the following conditions holds for every CM Op-order B € A
(i) s(B,0) = 0;

(ii) my(B) = 0 for some finite prime p of F;

(iii) B is optimally spinor selective for the genus of O;
then we can still compute h!'(O) by combining Theorem with the slightly more general
version of spinor trace formula in |47, Proposition 4.3]. As mentioned in Remark 2.9 con-
dition (iii) is difficult to check in general, but there are known cases beyond the residually
unramified case in |30, Theorem 2.6].

The rest of this section is devoted to the proof of Theorem [£.1] so henceforth O is an
arbitrary Op-order in D. We first give a short analysis of the set %', which will prove
its finiteness as a by-product. Let B be a member of %' with fraction field K. For any
v € p(B) ~ {%1}, the minimal polynomial of v over F' is of the form

(4.4) P(T) :=T*—-bT + 1€ F[TY,

where b = Trg/p(y) € Op. Necessarily 4 — b* € F{ since K/F is a CM-extension. This
leads to the consideration of the set

(4.5) T:={beOp|4-Vb € F},
which is finite since Op is discrete in F' ®g R. For each b € T, let K;, := F[T]/(F,(T)) and

T be the canonical image of T in K,. As b ranges over 7T, the ordered pair (K, T) ranges
over all CM-extensions K/F with |u(K)| > 2 together with a marked root of unity of order

> 2. Let %} be the finite set of Op-orders in K, as follows:
(46) @; = {B C Ky | OF[T] C BC OICb}~

Clearly, #' := J,or B4, which implies that ' is a finite set. In fact, the fiber of the
canonical map

(4.7) | | 2, — #'
beT
over each B € £ has exactly (|u(B)| —2)/2 elements.
To prove Theorem [.1], we apply the Selberg trace formula for compact quotient. See
[5, §1] and |31}, §5] for brief introductions. Let H be a locally compact totally disconnected
topological group (a group of td-type as in |11} §1]). We further assume that H is unimodular

with a Haar measure dx. If H; is a unimodular closed subgroup of H with Haar measure
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dy, then by an abuse of notation, we still write dx for the induced right H-invariant measure
[28, Corollary 4, §I11.4] on the homogeneous space Hi\H, which is characterized by the
following integration formula

(4.8) /Hf(x)dx:/H\H i fyz)dydz, VfeCxX(H).

Here C2°(H) denotes the space of locally constant C-valued functions on H with compact
support. If V' C H is an open subset of H, we WI‘it€E| Vol(V, Hi\H) € [0, o] for the volume
of the canonical image of V' in H;\H. In other words,

(4.9) Vol(V, Hy\ H) = / L@

Here 14,v(x) denotes the characteristic function on H of the open subset H;V C H, which
descends to the characteristic function on Hy\H for the image of V. Now let Hy C H; be
another unimodular closed subgroup with Haar measure dz. Suppose that V' C H is an open
compact subgroup. Then for any x € H, we have

(4.10) Vol(zV, Hy\H) = Vol(H, N2V, Hy\ H,) - Vol(2V, H\H).
For example, if H, is the trivial group, then we get

(V,H
(4.11) Vol(zV, H\H) = Vol(V; H)

Vol(Hy NaVz=1, Hy)
If x € Hy, then (4.10) simplifies into
(4.12) Vol(zV, Ho\H) = Vol(z(H, N V), Ho\H,) - Vol(V, H,\ H).

Suppose that T is a discrete cocompact subgroup of H. Denote by L?(I'\H) the Hilbert

space of C-valued square-integrable functions on I'\H. For any f € C°(H), we form an
operator R(f): L*(T'\H) — L*(T'\H) by

(4.13) / £ (@) b(y)da = /H F(y0)0(x)da

for all y € H and ¢ € L*(T\H). Normalize the Haar measure on H so that Vol(U) = 1 for
a fixed open compact subgroup U C H. It is clear from (4.13]) that R(1y) is the projection
onto the U-invariant subspace L2(I'\H)Y = L?*(I'\H/U). Therefore,

(4.14) Tr(1y) = dime L*(T\H/U) = [T\H/U|.

For any v € I" and any subset S in H, we write S, for the centralizer of v in S. Let {7} be
the I'-conjugacy class of v € I'; and {I'} be the set of all conjugacy classes of I'. Applying
the Selberg trace formula [5, p. 9] to f = 1y, we obtain

(4.15) Tr(1ly) = Z / ly(z~'yx)dz.

{ryefry /TN
Here each I'; is equipped with the counting measure, and dz is the induced right H-invariant
measure on I',\ H as in (4.8). It is well known that the right hand side of (4.15)) is a finite
sum; see [49, Proposition 8.1].

2Admittedly, this notation is rather nonstandard. However, since we will be dealing with multiple homo-
geneous spaces soon, it might be helpful to keep track of the space at hand.
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Applying (4.14) and (4.15)) in the case that
(4.16) H=D' U=0' T=D"
we express h!(O) into a sum of integrals. Note that v € D! is central if and only if v = 41,

in which case the summand in (4.15)) corresponding to {7} reduces to Vol(Dl\ﬁl). From
(3.11), the contribution of the central elements {£1} C D' to h'(Q) is precisely 2 Mass'(0),
the first term in the right hand side of . Thus the proof of Theorem is reduced to
matching the second line of with the contributions of the noncentral classes in {D'}.

Remark 4.4. Traditionally, the orbital integral in the Selberg trace formula (4.15]) is ex-
panded out a bit further and reads

(4.17) /r \H ly(z 'yz)de = Vol(Fﬂ,\HV)/ ly(z tyz)da.

H,\H

Here the volume Vol(I',\ H,) depends on the choice of the Haar measure on H.,,. However, as
a whole the right hand side of is independent of such choices. Suppose that v # +1,
and let K be the CM-field F'(7) generated by -y over F'. Then K coincides with the centralizer
ofyin D,so ', = K' and H, = K'. Let Ok be the ring of integers of K. We normalize
the Haar measure on K! so that its unique maximal open compact subgroup 6}( has volume
one. Now it is a classical result of Takashi Ono [29] (simplified by Sasaki in [36, Theorem 3])
that

~ h(K/F) h(K/F)
4.18 Vol(K'N\ K1) = = .
(4.18) AR = 5510 ()] ~ 205 - O]
Here the invariants in the above formula are as follows

e W(K/F) = h(K)/h(F) is the relative class number of the CM-extension K/F [42,
Theorem 4.10];
e ¢ is the number of finite primes of F’ ramified in K;
o Qk/r =[O : Oppu(K)] is the Hasse unit index [14} §13, p. 69], which takes value
either 1 or 2 (see also [42, Theorem 4.12]).
An unsuspecting reader might expect that our method of proof for the formula of h'(O)
is simply working out the finitely many orbital integrals | HAH Ly (2~ 'yz)dr term by term.
There are a couple of reasons going against this approach, which require some explanations.
The reader may have already observed that the invariant ¢ makes no appearance in our for-
mula for h!(0). The cancellation does not happen at the spot when we multiply Vol(K'\ K)
with ff(l\f)l 1y(z~'yz). For example, let p € N be prime with p > 3. Let F' = Q(/p) and
D := D, ~, be the unique totally definite quaternion [F-algebra that is unramified at all
the finite primes of F'. Suppose that O is a maximal order in D that contains a root of unity
v € O' of order 3. Then K = F(y/=3), and Og[y] coincides with O by [23, §7]. Thus
ONK = Orly] = Ok, and %} consists of the unique CM Op-order O for b = Tr(y) = —1.
Clearly,

. 1 ifp=2 (mod 3);
]2 ifp=1 (mod 3).
On the other hand, it can be shown that ff@\ﬁl 1y (z~tyz)dr = 1 in both cases for p. Al-

ready, we see that the invariant ¢ = 2 does show up in the result of (4.17) when p = 1
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(mod 3). Curiously, 7 and its complex conjugate ¥ € K belong to the same D'-conjugacy
class if and only if p = 2 (mod 3) by Example {.8, Thus if p = 1 (mod 3), we get more
D'-conjugacy classes of order 3, with each contributing less to h'(O), so the total contri-
butions are balanced out and ¢ disappears in the final formula for A'(Q). This interesting
phenomenon calls for an approach that dispels the mystery behind such cancellations.

Yet another reason for not taking the term-by-term approach is the presence of the optimal
spinor selectivity symbols A(B, Q) and s(B, Q) in the expected formula for h'(O). As we
have discovered with concrete examples, as soon as one tries to compute the orbital integral
S HAH 1y (2~ yz)dx by brute force, the selectivity theory inevitably shows up and get mixed
with other volume calculations, making it more unmanageable. The new approach to be
explained below will kill two birds with one stone: the invariant ¢ never appears, and the
selectivity theory is hidden within the summation >~ o) m(B, Oi(1), Oi(1)*) and only
manifests itself when we apply the spinor trace formula at the very end.

We return to the proof of Theorem . Let H = 1/51, U=0O"and T = D! be as in (4.16]).
We have already obtained the following formula:

(4.19) oy= 3 / 1y (2~ ) de,
{re(ry /TN

and the contribution of the central elements {1} has been shown to be the mass part of
the desired formula (4.1)). Assume that v € D'\ {&1} for the rest of this section. By an
abuse of notation, we write K, for the CM-field F'(y), which is the centralizer of v in D. Let
us put

(4.20) Ely) = {xeD' |z vz e O},
so that
(4.21) /F UGBS Vol(€1(7), K\ DY).

Since £1(y) is an open subset of D, the volume is nonzero if and only if £1(y) # 0. The
latter condition implies that b = Tr(y) € T as in (4.5)), or equivalently, v € p(K,) by
[42, Lemma 1.6]. For each b € T, we put

(4.22) L(b) :=={y € D" Tt(y) = b},
which forms a single D*-conjugacy class in D!. Given vy € I'(b), the F-embedding
(4.23) o, Ky =D T,
identifies K, with K. For each B € %}, we define
(4.24) E(v,B) = {9 =(g) € D* | K, ngOy™" = (B)}
and put 51(7, B) = 5(7, B)n D!. There is a left K;—equivariant decomposition
(4.25) E'm= L] 0B,
Be#}



which implies that
(4.26) / Ly(z~'yz)de = Y Vol(€'(y, B), K2\D*).
TA\H Be B}

Grouping together all those I'-conjugacy classes {7} with the same minimal polynomial

in the right hand side of (4.19)), we obtain

hY(O) = 2Mass'(O) + Z Z /F \H Ty (x ya)dx

beT {y}e{l'(b)}

= 2 Mass'( +Z Z Z Vol(€ ),Ki\f?l).

beT Bes)l {v}e{T(b)}

(4.27)

Proposition 4.5. For each b € T and B € %}, we have
! 1 (O) X
(4.28) > Vol(E'(v,B), KI\D') = 5w(B) > m(B,O(I),0(I)).

{7}e{lr(®)} [1]1€CLc(0)

Note that the right hand side of - 4.28]) depends only on B and not on b € T. For each
B € %', the number of b € T with B € 4} is precisely (|p(B)| — 2)/2. Thus Theorem [4.1]
follows directly from Proposition [4.5|

Proposition is nonintuitive in a couple of ways. The summation on the right hand
side of is over Cli(O). As a double coset space, it is given by D*\(D*D*O*)/O*
rather than Dl\ﬁl/ O'. This discrepancy is further reflected in the adelic description of the
summation itself, which we recall below. For each v € T'(b) and each B € %}, consider the
set £(y, B) C D* defined in ([#.24). Note that E(7, B) is left translation invariant by I?WX

and right translation invariant by the normalizer N(O) C D*. For any other v/ € TI'(b),
there exists o € D* such that v/ = a~!ya. A straightforward computation shows that

(4.29) E(,B) = E(a 'y, B) = o 'E(y, B).
Let us define
(4.30) E.c(7, B) :=E(7, B)N D*D'O* = (E(v, B)n D*D")O*.

Clearly, é/’\sc(% B) is left translation invariant by K and right translation invariant by Ox.
From [47, Lemma 4.5], for any v € I'(b) we have

(4.31) > mBOD,0(1)) = [K\Ew(, B) /O,
[1€CLsc(0)
Thus to prove (4.28)), it is enough to fix one 7o € I'(b) and show that

S B, B0 = 30 VOl(E' 3, B), KDY
{71}e{l'(®)}

Comparing both sides of - we see that the double coset space on the left hand side

involves subsets of DX while the right hand side only involves those of D!. This difference

in nature of the two 51des of (4.32] - is what causes the technicality in its proof.
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To bridge such differences, we forget the notation in (4.16)) and study another set of groups
previously considered in (|3.5)):

(4.33) H:=D*/0%,  U:=0%/0%  Q:=D*0}/0} ~ D*/OZ.

As explained in the proof of Lemma [3.1, H is a unimodular group of td-type, and  is
discrete cocompact in H. We equip €2 with the counting measure, anq\ n(/)\rmalize the Haar
measure on H so that Vol(U) = 1. The image of D' inside H is (D'O})/Oj, which is
canonically isomorphic to D'/(D' N O}). Let us put

(4.34) C:=D'n0y = [[{=1}.
p

where the product ranges over all finite primes of F'. Clearly, C' is a compact subgroup of
O', and D' N C = {£1}. Consider the following subgroups of H:

Df:=D'/{+1}, D:=D')Cc, O.=0'/C.
There is a canonical bijection between double coset spaces as follows
(4.35) D\D'/O" = DN\D'/O".

We shall make no explicit usage of this bijection below, but this is one of the motivations
for our proof of Proposition [4.5]

Lemma 4.6. (D*D') N O} = O}C.
Proof. Clearly, (D*D') N 6; D OpC. For any z € (D*DY) N 5;, we have
Nr(z) € Nre(D¥)NOF2 = FX nOg2 = 032,
where the last equality follows from Hasse-Minkowski Theorem [33|, Theorem 1.6]. Pick £ €

O3 such that £2 = Nr(z). Then ¢z € D'N O} = C. It follows that (D* DY) N0} C OXC,
and the lemma is proved. O

An important link between the groups D' C H will be the following intermediate group
H, defined below.

Lemma 4.7. The group

(4.36) H, := (D*D'0}) /Oy ~ (D*D")/(0}C)
1 a unimodular closed normal subgroup of H, and it contains
(4.37) Ot = (0'05)/0x ~ O'/C

as an open compact subgroup. In particular, Dt s open i Hy as well.

Proof. Since the quotient lA)X/ D! ~ FX is abelian, any subgroup of H containing Dt is
normal, and the reduced norm map induces an isomorphism

(4.38) H\H ~ F*/(FXOz2).

By [33, Theorem 5.2|, there is a compact fundamental set Z for D! in D'. Then H, = QZ,

where Z denotes the canonical image of Z in H, and hence H; is closed by [6, Lemma 1,

§X.2]. Now it follows from |7, Proposition B.2.2] that H; is unimodular.
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Clearly, Ot is a compact subgroup of H;. To show that it is open in H;, it is enough to
show that O has finite index in the open subgroup H; NU, where U = O*/O} as in (4.33).
We calculate

[H, N U : O = [(D*D'0F) N 0*) : 0'0]
~[((D*D") N 0*)0; - @6; = [((D*D")n0%) : (D*D)NO* N O'03)]
=[((D*D") N 0*) : 0'05] = [Nr ((D*D') N 0%) : Nr(0'07)
=[(0F,. NNx(0¥)) : 03] = u( ) < oo. a
We normalize the Haar measure on H; so that Vol((/’)\T) = 1. From ,
(4.39) Vol(Nr(O%), F* /(FX0}2)) = Vol(U, H{\H) = 1/u(O)

with respect to the induced measure on H;\H.
Let us fix 79 € I'(b) and put Ky := K., = F(70). There is a bijection
(4.40) Ki\D* — I'(b), Kfa— a 'ya,
which gives rise to a bijection
(4.41) K \D*/D"' — {T'(b)}.
On the other hand, the reduced norm map induces a bijection
(4.42) K\D* /D' 5» FX/Nr(K().
Piecing together the above bijections, we obtain

(4.43) F{/Nr(Kg) ~{T'(b)}.
According to Lemma |4.6, we have

D* N (D'O}) = D* n (DY(0}C)) = D* N (D'O}) = (D* N DO = D'O;.
It follows that there is a canonical isomorphism
(4.44) Ky\(D*D'0y) /(D'Oy) ~ KZ\D* /(D'O5) = K\D* /D",
Example 4.8. Let I’ be a real quadratic field, and D = D, «, be the unique totally
definite quaternion F-algebra that is unramified at all the finite primes of F. Let v € D!
be an element of order 3, and 4 := Tr(y) — v be its image under the canonical involution.
We claim that v and 4 are D'-conjugate if and only if 3 is non-split in F. Since the set
of elements of order 3 forms a single D*-conjugacy class, it is enough to check this for one
o of order 3. Given a,b € F*  we write (‘%b) for the quaternion F-algebra with F-basis

{1,1,7,ij} subject to the following multiplication rules

i*=a, j*=0b, and ij = —ji.

First, suppose that 3 is non-split in F'. Then D = (71;3), and vy := (—=1+j)/2 € D' is
an element of order 3. Clearly, vy and 7, are D!-conjugate since Jy = ivyi 1. Next, suppose
that 3 is split in F. Let £ € N be a prime with ¢ = 2 (mod 3). Then <—e,—3

5 ) Is the unique

quaternion (Q-algebra ramified precisely at ¢ and co. Pick ¢ so that it is inert in F. Then

D= (_ZF_3). Take 79 = (—1+7)/2 € D! as before. Once again, we have 3y = iyi !, except

that this time Nr(i) = ¢. From (4.43)), if 4y and ~o are D'-conjugate, then ¢ € Nr(K{),
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where Ko = F () ~ F(y/=3). On the other hand, let p be one of the primes of O lying
above 3, then F, = Q3, and (Kj), = Q3(v/—3). Already ¢ is not a local norm at p since
¢ =2 (mod 3). Therefore, ¥, and 7o are not D'-conjugate when 3 is split in F. Our claim
is verified.

We return to the general case where both F' and D are arbitrary.

Proof of Proposition[4.5. As explained in (4.32)), it is enough to show that

u(0) c 2 1\ Pl
WIKK\E/’SC(%,B)/OX\ = Y Vol(€'(v, B), K2\D")
{v}e{r®)}
for a fixed o € I'(b). To bring the groups H = DX/Oﬁ, OX/OX and Q = D* /Oy into
relevancy, first note that there is a canonical bijection
(4.45) K \Ewe(y0, B)/ O = Ha\EL (70, B)/U.

where & (10, B) := Ew(v0, B)/O) and  H, := (KJO}) /0% = K{JO% C Q.

Equip H, with the counting measure and let H; = DXDl/(O;C’) C H be as in (4.36).

From the definition of <€A'SC(70,B) in (4.30]), there exists a complete set of representatives
Y1, ,yr € Hy for the double coset space in (4.45)) so that

(4.46) H > & (v, B |_| Hoyy,U.

Thanks to (4.11]), we have
Vol(U, H) 1 1

4.47 Vol(y;U, Ho\H) = - N
(4.47) N A = e, iy T )~ Vol(B/OF. ) w(B)

for each 1 < ¢ < r. It follows that

(4.48) @\HQ\QM, B)/U| = Vol(&, (1o, B), H\H).

On the other hand, we apply (4.12)) and ( - ) to obtain

Summing both sides over 1 <1 < r, we get
u(0) Vol (& (y0, B), H\H )
(4.50) = Vol ((E (v, B) N D*D'0}) /0%, HQ\Hl)
Vol ((E(, B) N D*D'0) /O, Ha\H,).

Here in the last step we have plugged in the definition of é\'sc(fyo, B) as in (4.30)).
Let {a;}jea € D* be a complete set of representatives for K;\D* /D', where A :=

FY/Nr(K() is regarded as an index set. Then set {v; := a; 'yq; | j € A} forms a complete
23



set of representatives for {I'(b)}. According to (4.44]), we have
(4.51) D*D'0} = | | (K;OF)a;D".
jeA
It follows from (4.29) and (4.51]) that
£(y0. B)ND*D'0} = | | Ky Oya;(E(a; y00y, B)N DY)
jeA

= | | K505 (v, B).

JjEA

(4.52)

For simplicity, let us write & f(v;, B) for the image of gl (74, B) in H, namely,
Et(y;, B) = EV(;, B)OY)O% C D'O%)O% = D,

Combining (I48), (£50) and (E52), we get

u(O ~ o~ —
A\ EL 0, B)/U] = Vol ((Eon, B) 0 D*D07) /07, Ha\ i)
(4.53) =Y _Vol(a;€'(y;, B), Ho\Fh) = Y _Vol(€¥(v;, B), (a5 K'a;/OF)\Hy)
JEA JEA
Z Vol(E1 (v, B), (KX /OF)\H,),
{7}e{T ()}

where K /O is equipped with the countinig\ measure for every {v} € {T'(b)}. Since £ (v, B)
is contained in the open normal subgroup D' of Hj,

(4.54) Vol(€1(y, B), (K /OF)\Hy) = Vol(E'(y, B), (K O3)\(K;O5D")).

A similar proof as that of Lemma 4.6{ shows that K 05N D! = K!C. Thus we have a
right D'-equivariant bijection
(4.55) (KX OF\K* 03D ~ (K'C)\D",

which is also measure preserving once the Haar measure on KiC’ is normalized so that

Vol(C') = 1. Indeed, the canonical images of O! on both sides have the same volume. Thus
Vol(E1 (7, B), (KXO)\KX0xD") = Vol(E'(y, B), (K'C)\D").
Since (v, B) is left invariant under K.C, we have
Vol(E' (v, B), (KXC)\D') = Vol(K!\(K1C)) ™ Vol(E ' (v, B), K\ D")
= 2Vol(€'(v, B), KN\D").

Combining the above calculations with (4.53]), we obtain (4.32]) and the proposition is proved.

U
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APPENDIX A. POLARIZED CLASS SETS OF QUATERNION ORDERS (BY JOHN VOIGHT)

In this appendix, we give an alternate proof of the class number formula for Cls' O,
replacing calculations with the Selberg trace formula with a direct, conceptual argument:
interpreting this set as a polarized class set. The argument follows in the same way as the
proof of the Eichler class number formula.
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A.1. Polarized class sets. Throughout, we follow the notation in Voight [41]. Let B be a
totally definite quaternion algebra over a totally real field F'; let R be the ring of integers of
F and let @ C B be an R-order.

Let I be an invertible right fractional O-ideal such that [nrd(I)] = [R] € CI" R, i.e., the
fractional R-ideal nrd(7) is generated by a totally positive element in F'.

Definition A.1.1. A polarization of I is an element v € FZ, such that nrd(/) = vR. A
polarized fractional right O-ideal is a pair (I, ) where v is a polarization of .

Remark A.1.2. Polarizations arise naturally in the definition of the Shimura class group in the
theory of complex multiplication; we offer it here, by analogy in the context of quaternionic
multiplication.

We define a left action of B* on the set of polarized fractional right O-ideals by
(A.1.3) 8- (I,v) = (BI,urd(B)v).
Let Cls' O be the set of equivalence classes under this action.
Lemma A.1.4. Every class in Cls* O is represented by a pair of the form (I',1).

Proof. Given (I,v), by the Hasse-Schilling theorem on norms [41, Main Theorem 14.7.4],
there exists 8 € B* such that nrd(8) = v. Thus ~'(I,v) = (871, 1). O

Using Lemma we deduce the following idelic description. Let R:=R Rz Z be the
goﬁnite completion of R and let F' := R ®pr F be the finite adeles of F'; similarly define
O, B, etc.

Proposition A.1.5. Suppose that O is locally norm mazimal, i.e., nrd(@x) = R*. Then

we have a natural bijection
Cls'(0) « B\B'/O!
(A.1.6) (©) \ ,\/
[(I,1)] — B'aO!

where T = a0 (with @ € BY).
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Proof. First, we claim there is a natural commutative square as follows:

{invertible right fractional O-ideals I with nrd(I) = R} < B*/O"

a1 [ [

{invertible right fractional O-ideals I} B* O~

Indeed, on the bottom row, I corresponds to a0 via & = (ap), where I, = o,O, for
each prime p. Restricting as in the top row, since nrd(O,) = R, we may replace a, by
appy ' where g1, € OF has nrd(ay) = nrd(y,), so that the local generator a, € B, is now
well-defined up to (’);.

To finish, we consider classes to define (A.I.6). We have [(1,1)] = [(I’,1)] € Cls' O if
and only if I’ = BI with 8 € B!, so the map [(I,1)] = B'a0! in (A.1.6) with 4 € B
as in the previous paragraph is well-defined. The inverse map is B'aO! — [(I,1)] where
I=a0NB. 0

In particular, the naturality in ((A.1.6]) allows us to transfer the stabilizer groups, preserving
mass: the stabilizer of [(/,1)] is (conjugate to)

(A.1.8) O ()" /{£1} = (@0'a ' n BY) /{+1},

the stabilizer of B1aO!.
Let Clsl! © C Cls O be the subset of right fractional O-ideal classes with nrd([I]) = [R] €
CI™ R. Then there is a natural forgetful (surjective) map of sets

Cls'(0) — Cls®(0)
(£, v)] = [1].
The fiber above [I], after choosing a representative I, is the set of isomorphism classes of
polarizations on I. This fiber is computed as follows. We have [(I,v)] = [(I,v")] € Cls' O if
and only if there exists § € B* such that 51 = [ and v/ = nrd(f)v. The former is equivalent

to 8 € OL(I)*, so the fiber is a principal homogeneous space for the group RZ,/nrd(O(1)*),
a group which is well-defined independent of choice of representative.

By the naturality of (A.1.7]), the map (A.1.9)) gives a global interpretation for the natural

idelic map

(A.1.9)

B\B'/O' - B*\B*B'O* /O~

B'a0' — B*a0*,
Remark A.1.11. An alternative perspective on the proof of Proposition runs as follows.
First, let Gen(O, 1) be the genus of the polarized right ideal (O, 1), namely, the set of all
polarized right O-ideals (I, v) that are locally isomorphic to (O, 1). The local isomorphism
provides that for all primes p there exists oy, € B, such that I, = 2,0, with nrd(ey,) = v,

and again the Hasse—Schilling theorem of norms gives § € B* such that nrd(5) = v. Letting
a = (ap)y, it is then straightforward to verify that the map

Gen(0,1) — B*B'/O"

(I,v) = B(B'@)O"
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is a bijection. Equivalently, mapping the other way, the group B*B! acts on the genus
Gen(O, 1) by pa - (0,1) = (8(@O0 N B),nrd 8), and in the same way one sees that action is
transitive with stabilizer O'.

Now letting Cls(O, 1) := B*\ Gen(O, 1) be the set of left B*-classes, we obtain a bijection

Cls(0,1) — BX\B*B'/O".

Finally, when O is locally norm maximal, we confirm that the inclusion Cls(O,1) < Cls' O
is in fact a bijection: for [(,1)] € Cls' O, we need to show for all p that I, = a,O, with
nrd(c,) = 1, and that follows as in the proof of Proposition [A.1.5]

A.2. Polarized class number formula. With Proposition in hand, we compute the
cardinality of Cls' O following the same strategy that is used to compute the cardinality of
Cls O, the Eichler class number formula [41, §30.8]: we convert a formula for the mass by
accounting for the cardinality of stabilizers . More precisely, we define

1
(A.2.1) mass(Cls' O) := Z — ,
[(1,1))eCis’ O O {£1]
which is twice of Mass'(Q) defined in ([3.10). Then
1
(A.2.2) # Cls O' = mass(Cls' O) + (1 - ) :
2o\ o

We can express the terms in the sum in (A.2.2)) as follows. For a quadratic R-algebra S
in a CM-extension of F', we define the Hasse unit index by

(A.2.3) Q(S) =[S : S, _R*]

tors

and we let (; denote a primitive sth root of unity for s > 1.
Proposition A.2.4. We have
1 [nrd 0% : R*? < 1) m(S, O; 0%)
1— = 1—- _— .
(O {*1}] 2 2 q 2 Q(S5)

q=2 SCF(C2q)
(F (C2q) F]=2 #SX . =2q

Proof. We follow Voight [41, Proposition 30.8.5], counting off the elements of the group
O'/{£1} by maximal cyclic subgroups of some order ¢ > 2. By essentially the same argu-
ment, we obtain

1 B [(’)X : R¥]

q=2 SCF(@,,)
[F(C2q):F]=2 5% —2q

where m(.S, O; O*) counts the number of optimal embeddings ¢: .S < O up to conjugation
by O*.
We then make two substitutions to simplify. First, from the exact sequence

(A 2. 5) 1 - Stf)rs/Rtors - SX/RX - SX/(Stf)rsRX)
and Ry, = {£1}, we have
(A.2.6) (%1 R*] = Q(S)q.
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Second, from the exact sequence
o! O* wa nrd(O0X)

(A.2.7) 1— Ey R T T pa 1

we get

(A.2.8) [O* . R*] = [nrd O* : R**)[O" : {£1}].

Substituting these in and dividing by [O' : {£1}] gives the result. O

We now finish the polarized class number formula for Cls'(O) following the same argu-
ments as those for [41, Theorem 30.8.6], recalling the setup for selectivity |41, §31.1]. The
spinor genus SpnGen O C Gen O of O is the set of R-orders O C B such that O =al0a
for some & € B*B! < B*.

Definition A.2.9. We say Gen O is spinor genial for S if one of the following conditions holds:
(i) Emb(S,0’) = 0 for every order O" € Gen O; or
(ii) every spinor genus SpnGen @’ C Gen O contains at least one order O” € SpnGen O
with Emb(S, O") # 0.
If Gen O is not spinor genial for S, then we say that it is spinor optimally selective for S.
If Gen O is spinor optimally selective for S, then for each spinor genus SpnGen O’ C Gen O,
then exactly one of the following holds:
e if Emb(S,0") # () for some O” € SpnGen (', then we say SpnGen O’ is selected by
S;
e otherwise, Emb(S, 0") = () for every order O” € SpnGen (0, and we say SpnGen O’
is not selected by S.

By strong approximation, condition (i) of Definition is equivalent to the existence
of a prime p of F such that Emb(S,, O,) = 0.

Theorem A.2.10. Suppose that O is residually unramified. Then

1 1 h(S) & ~ ~
# Cls' O = mass(Cls' 0) + —— (1——) 0(S,0)——=m(S,O0; 0%
o mm i\l my) 2 A5 OgEmE000
- #Stf‘)rs:2q
where
1, if Gen O 1is spinor genial for S;
5 if Gen O s spinor optimally selective for S and
6(5,0) =< SpnGen O is selected by S;
0 if Gen O s spinor optimally selective for S and
" SpnGen O is not selected by S.
Proof. Let
wir,) = wy = #O(I)!/{£1}.
We begin with
1
(A.2.11) # Cls* O — mass(Cls' O) = Z (1 — > .
[(I)]eCis O Iv)
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From the fiber count in (A.1.9), then substituting Proposition [A.2.4] we obtain
(A.2.12)

[(I,v)]eClst O

> (a )= T mmaoiw (1- )

w
(w) [Tecis® o

Ryt B ()1 (5, 0.(1): O (1)")
S N (S5 DD as

922 [Necst o

S =2q

tors™

We finish by substituting in the spinor trace formula (Proposition , using the fact that
#CI* R=[R%,: R*?|(#CIR). OJ
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